
A Reduced Model for Nonlinear Interactions of Gravity
Waves with Deep Convective Clouds

EGU 2011, Vienna

Daniel Ruprecht

Institute of Computational Science
University of Lugano (USI)

Rupert Klein

AG Geophysical Fluid Dynamics
FB Mathematik, Freie Universität Berlin



Reduced Models

Low High

Numerical integration

Limited

Broad

R
an

g
e 

o
f 

V
al

id
it

y

Mathematical Complexity

e.g. asymptotic analysis
Wide range of scales

Narrow range of selected scales
Analytic treatment possible

Linearized,

anelastic eq.

Compressible flow

Goal

Reduced model for gravity waves in atmosphere with deep convection.

D. Ruprecht Gravity waves and deep convection, EGU 2011, April 7th 2



Reduced Models

Low High

Numerical integration

Limited

Broad

R
an

g
e 

o
f 

V
al

id
it

y

Mathematical Complexity

e.g. asymptotic analysis
Wide range of scales

Narrow range of selected scales
Analytic treatment possible

compressible flow

Moist

???

Goal

Reduced model for gravity waves in atmosphere with deep convection.

D. Ruprecht Gravity waves and deep convection, EGU 2011, April 7th 2



Governing Equations

Conservation of mass, momentum, energy (dimensionless)

ρt +∇‖ · (ρu) + (ρw)z = 0

ut + u · ∇‖u + wuz +
1

Ro
(Ω× v)‖ +

1

Ma2
1

ρ
∇‖p = 0

wt + u · ∇‖w + wwz +
1

Ro
(Ω× v)⊥ +

1

Ma2
1

ρ
pz = − 1

Fr2

θt + u · ∇‖θ + wθz = Sθ︸︷︷︸
?

Bulk microphysic model

qv,t + u · ∇‖qv + wqv,z = Cev − Cd

qc,t + u · ∇‖qc + wqc,z = Cd − Cac − Ccr

qr,t + u · ∇‖qr + wqr,z +
1

ρ
(ρqrVT)z = Cac + Ccr − Cev
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Scales

Non-hydrostatic gravity waves modulated by deep convective towers

1 km 1 km

10 km

10
k
m

≈
h
sc

ξ ∼ 1 km

Coordinates:

• Wave-scale:
x ∼ 10 km

• Tower-scale:
η ∼ 1 km

• Vert. scale:
z ∼ 10 km

• Time scale:
τ ∼ 100 s

⇒ Vert. Disp.:
ξ ∼ 1 km = O(ε)

⇒ Condensate:
qreleased ∼ O(ε)
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Leading Order Saturation Deficit

saturation level

vapor + cloud water

tower−scale

Hqv
= 1

cloud cloud

η

Hqv
= 1

δq
v

Switching Function

Hqv :=

{
1 : Saturation at O(1) (Cloud)
0 : Under-saturation (No cloud)

Saturated Area Fraction

σ := Hqv
η
, for δqv = O(1) due to short time-scale: Dτσ = 0.
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Leading Order Saturation Deficit
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vapor + cloud water

tower−scale

saturation level

cloud cloud

η

Hqv = 1 Hqv = 1
O(1)

O(ε)

Switching Function

Hqv :=

{
1 : Saturation at O(1) (Cloud)
0 : Under-saturation (No cloud)

Saturated Area Fraction

σ := Hqv
η
, for δqv = O(1) due to short time-scale: Dτσ = 0.
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Systematically Small Saturation Deficit
vapor + cloud water

tower−scale

saturation level

cloud cloud

η

Hqv = 1 Hqv = 1

δqv = O(ε)

Expansion of Vapor Mixing Ratio

qv = q(0)vs︸︷︷︸
saturation

+εq(1)v +O(ε2)

Switching Function

Hqv :=

{
1 : Saturation at O(ε)

0 : Under-saturation
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Tracking Saturated Areas

η

q∗

q∗ = 0

u(0)

Saturation

−q(0)vs,zξus,τ

η

q∗ = 0

Saturation

q∗ ξus,τ < 0

Shape of Level Set Function

q∗(η, τ) = q∗,0(η −
∫ τ

0
u(0)dτ ′)− q

(0)
vs,zξus(τ), Assume: ξus(τ) ≈ ξ(η, τ)

Hence : q∗(η, τ) = 0⇔ q∗,0(η −
∫ τ

0
u(0)dτ ′) = q

(0)
vs,zξus(τ)
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Model Equations
Closed model equations:

Wave-scale dynamics:

u(0)
τ + u∞ · ∇xu(0) +∇xπ = 0

w̄ (0)
τ + u∞ · ∇x w̄

(0) + πz = θ̄(3)

θ̄(3)τ + u∞ · ∇x θ̄
(3) + (1− σ)Θ

(2)
z w̄ (0) = Θ

(2)
z w ′

∇x ·
(
ρ(0)u(0)

)
+
(
ρ(0)w̄ (0)

)
z

= 0

Effective tower-scale dynamics:

w ′τ + u∞ · ∇xw
′ +

στ
1− σ

w ′ = θ′

θ′τ + u∞ · ∇xθ
′ + σΘ

(2)
z w ′ +

στ
1− σ

θ′ = σ (1− σ) Θ
(2)
z w̄

στ = ξus,τΨ(ξus)

ξus,τ = w̄ − w ′

1− σ
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Plane Wave Amplitudes
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Amplitudes of plane wave

φ(x , z , τ) = φ̂(τ) exp (ikx + imz)
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Summary

• Derived reduced model for gravity waves in deep convecting
atmosphere

• Assuming small saturation deficit leads to nonlinear interactions
between waves and clouds

• Tracking of saturated spots by level set function: Simplifying
assumptions allow to derive simple evolution equation

• Final model is extension of linearized anelastic equations
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