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Objectives
2

Available data:

• Log-conductivity (Y=ln(K)) measurements
• Hydraulic head (h) measurements

Ω

Estimation of: 

Log-conductivity measurements

Pilot points

Hydraulic head measurements

Pilot points approach:
De Marsily, 1974

Ω

Estimation of: 

• Spatial distribution of the parameters governing the groundwater flow 
equation ln(K)

• Underlying variogram key parameters (IY,     )
• Statistical parameters ( ,      )

2
Yσ
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yEσ

2
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Moment equations 3

Moment Equations of Groundwater Flow

Neuman and Orr, 1993

Tartakovsky and Neuman, 1998

Guadagnini and Neuman, 1999Guadagnini and Neuman, 1999

Ye et al., 2004
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Zero-order mean flow equation:
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Maximum likelihood approach 4

Observations:Parameters:

[ ],
T

=β Y θ

Maximum Likelihood Calibration (Carrera and Neuman, 1986a)
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Maximum Likelihood Calibration (Carrera and Neuman, 1986a)

(Hernandez et al., 2003, 2006)
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Y Y hE yEI σ σ σ =  θFor fixed value of (to avoid instability)

Objective function:
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Inverse geostatistical characterization 5

How to estimate                                             ? 2 2 2, , ,
T

Y Y hE yEI σ σ σ =  θ

Find the optimum θθθθk minimizing:

NLL: no discriminatory power to select the optimum θθθθk

(Riva et al. 2010)
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Estimation of 6
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Estimation of 7

Kriging equations:
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Example: numerical model 8
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Estimation of
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Yσ

… AIC , AICc and BIC depends linearly on NLL:
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… AIC , AICc and BIC depends linearly on NLL:
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Estimation of θθθθ 10

With an analogous procedure it is possible to obtain:
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Iterative inverse algorithm

Geostatistical Inverse algorithm (2)

2 2 2, , ,
T

Y Y hE yEI σ σ σ =  θ

Initialization (G=1):

• Set θ θ θ θ = θθθθ k=1, … Np End• Set θ θ θ θ = θθθθk,G k=1, … Np

• Find the optimum Yk minimizing NLLk

(gradient-based algorithm)
• Compute KICk,G

Differentiation:

• Set χχχχk k=1, … Np

• Compute KIC

Convergence?

End

Yes

No

• Compute KICk,G

Selection:

Select between χχχχk and θθθθk,G

(parsimony principle)

θθθθk,G

G = G + 1



Example: estimation of θθθθ (zero-order) 13
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14Example: estimation of       (second-order)2
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15Conclusions

• KIC: well suited for the estimation of statistical data- and model- parameters

• NLL, BIC, AIC, AICc and HIC: valid to estimate only one of the parameters we • NLL, BIC, AIC, AICc and HIC: valid to estimate only one of the parameters we 

consider (variance of hydraulic head measurement errors)

• Minimization of KIC: accurately and efficiently performed by  a genetic search 

algorithm based on DEM (Differential Evolution Algorithm)

• Statistical parameters and variogram integral scale: accurately estimated by 

means of zero-order approximations of conditional mean flow equation

• Variogram sill: requires second-order version of mean flow equation.


