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Objectives

Available data:

Log-conductivity (Y=In(K)) measurements
Hydraulic head () measurements

(@)
Pilot points approach: x
De Marsily, 1974 oA © O @
’ o A A
Log-conductivity measurements A ® :‘ o ®
Pilot points ® A A
Hydraulic head measurements ¥ »

Estimation of:

« Spatial distribution of the parameters governing the groundwater flow
equation In(K)

» Underlying variogram key parameters (I, oy )

- Statistical parameters (o, o)
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N O
Moment equations

Moment Equations of Groundwater Flow

Neuman and Orr, 1993
Tartakovsky and Neuman, 1998
Guadagnini and Neuman, 1999
Ye et al., 2004

Zero-order mean flow equation:

<q<°> (x,z)> - K, (X)V<i_z(0) (x,z)> xe 0
v.<q<°> (x,z)>+ s (X)/1<i_z () (X,/l)> = (7 (x.A))+ S (x){H, (x)) xe O
Second-order mean flow equation:

<a<2> (X,ﬂ,)> - K, (x)[V<h ) (X,/l)>+ “52(") v<;7 ) (x,z)>] 72 (x4) xeQ
v.<q<2> (x,/1)>+S(x)/1<E(2) (x,/l)> =0 xe O
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Maximum likelihood approach

|| ]
Parameters: Observations:
T * % % r
ﬁ:[Y,O] Z :|:Y’h:|

Maximum Likelihood Calibration (Carrera and Neuman, 1986a)
(Hernandez et al., 2003, 2006)

2

NLL:—Zln[p(z* I/'?)J = 41|V, |+In|V, |+ N, In0% + N, In 62 + NIn27
OhE

T
For fixed value of 0 = [IY ,0%, O';%E, O'iE:| (to avoid instability)

\4

Objective function:
J=(n' —ﬁ)T v, (h"=h)+u(Y* —S?)T v, (Y-

(1= 0p | 01 - plausibility weight)
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B
Inverse geostatistical characterization

T
How to estimate 0 = [Iy,O'%,GgE,O'iE] ?

NLL: no discriminatory power to select the optimum 6,
(Riva et al. 2010)

Find the optimum 6, minimizing:

AIC, :—21n[L(|A3k

z)} 12N, Akaike, 1974

2N, (N, +1)
N.-N, -1

Hurvich and Tsai, 1989

AICe, = —ZIn[L([A}k

z*}+2Nk+

BIC, =—21In L([Aik z' ||+ N, InN, Schwarz, 1978

KIC, =-21n| (|2’ }—2ln[p(ﬁk)}+Nk In(N,/27)+In[F,|  Kashyap, 1982
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) A
Estimation of Oy

Minimization of NLL with respect to model parameters:

=2 3™V, (h-h')+—=V;* (¥, =Y} ) =0

V, NLL
GhE GY E

Y, =Y,

(?M =Y, —O-—IEEVYMS§MV,;1 (B(¥,.¥,)-h")
hE
¥, =¥, -2V, 37 V' ((¥,.Y,) 1)

hE

V.X

: J
hm{Jh LT =+ N,In

> 2 2
O'Y —0

+ ln|VY| +N,Ino;.+ N, Ino,, + NIn2x
GhE GyE O-yE
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2 I
Estimation of Oy

Minimization of NLL with respect to model parameters:

Vy, NLL|, o =%3TVgl(ﬁ—h*)+%VY‘1(f{H—Y;;):O
E YE
(?M :YL - O-I?E VYMS;M \/ (h(i\( ?P)_h )

hE
2

¥, =Y, - 22 v,8% V' (Y,

hE

w’<>
I
-3

eO

i [@ ABNG

@+ N,Ino;. + N, Ino,, + N IHZEJ

GhE yE
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Estimation of O'%

Kriging equations:

hm o ( p)ei

0'—>0 NM

(o2
hm <8Y €Y >%i
p<Yq
0'%0 NM

. : J
lim NLL = lim —;
oy —0 oy —0 GhE

o;
<ahr_r>10,u( ) N);j :

ZZD’( ) (X —X)+ZD’i(Xp)O'§E—,u(Xp):CY(Xi—Xp) i=1,..,N,

hm J = J( O)

oy —0

lim |Vy|= lzimO‘VYMHVYP‘:O

oy = oy

+N,In|V |+ lim ln|V |+N,Ino;, +N,Inoy, + NIn2x — —o
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X

Example: numerical model

Impervious boundary

o0
[\

X y X O'hE= 1 .0 m2 n
° :( A ° . ° A ° ox . A ° o Xo A ° ° 6§E= 1 -0 - Reference
) x g 3 I,=1.0m properties
_ SR . = 02240
" I
‘_g . ° A . ° . A . . ° AX ° . . A . . "g
S x x X &
= 4 7 X ° ° x o o E
g x Pumping well 3
+ X X X |72}
é) ] . JAN . . ] A ] . . A . « . . FAN ] . §
© 2 7 . * ° 3< 8 ° X
X y .
° . JAN 22X ® ° JAN [ . ° A ° . . A ] °
0 T T —= T T T % T
0 2 4 6 8 10 12 14 16 18

Impervious boundary

X1

x 36 head measurements
A 16 log conductivity measurements
» 64 pilot points
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Example: numerical model

Impervious boundary

8 —
X y X O';%E= 1.0 m2
° :( A ° . ° A ° ox . A ° o Xo A ° ° 6§E= 1 -0 - Reference
) x g I,=1.0m properties
o . x x . " x x o  02=4.0
— I -
I X
‘_g . ° A . ° . A . . ° A ° . . A . . %
X X X
f:‘) 4 7 X ° ° o o ° ﬁ
E X x Pumping well g
i X X X N
é) ] . JAN . . ] A ] . . A . . . FAN ] . §
U 2 T ° * ° 3< *
X
X 800.0
. ° A 22X ® . A . ° ) A 600.0 - 4
0 . . X . . 400.0 { —*"NLL
0 2 4 6 8 10 200.0 -
Impervious boundary 0.0 1
xl -200.0 -
-400.0 -
-600.0
x 36 head measurements
A 16 log conductivity measurements 8000 o - o
. ) 1.0E-05 1.0E-03 1.0E-01 1.0E+01 1.0E+03
» 64 pilot points )
Oy
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N

Estimation of CT%

.. AIC, AICc and BIC depends linearly on NLL:

lim NLL=-c0o= lim AIC; = lim AICc, = lim BIC; =

GY —0 GY —0 O'Y —0 GY —0

KIC = NLL+ Ny ln(N /27)-1n|Q|

lim KIC = lim +N In|V, \+ lim ln‘VYQ ‘+Nh InoZ; + Ny Inol + N In27 + Ny In(N, /27)
0%—)0 0%—)0 GhE

lim ln‘VYQ ‘— lim(In|—V, 3"V, J+—I
oy —0 oy —0 O-hE YE

Positive definite matrlx
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N

Estimation of CT%

.. AIC, AICc and BIC depends linearly on NLL:

hm NLL = -0 = hm AIC, = hm AlCc, hm BIC, = -0

GY —0 GY —0 O'Y —0 GY —0

KIC = NLL+ Ny ln(N /27)-1n|Q|

-

lim KIC = 11m + N, In|V, ‘+ hm ln‘VYQ + N, Ino,z + Nylnoyz + NIn27z+ Ny In(N, /27)
(TY —0 O'Y —0 GhE
lim ln‘V Q = hm — Vv, 3TV, 13 +—I
o0 Y o |02, Yy~ VY o, 800.0 550.0
) 600.07 o 5400
400.0 - /
2000 - 7+ 5300
3 X
E 0.0 5200
Positive definite matrix -200.0 < 100
-400.0
6000 500.0
-800.0 + 490.0
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I
Estimation of 0

With an analogous procedure it is possible to obtain:

. . J .
Iim NLL = lim —+ N, ln‘Vx‘ + lim In VY‘ +
Iy —o0 Iy —>0 O-hE Iy -0
+N,Inc;. + N,Ino,, + NIn2x —> —o0

. . J .
Iim NLL = lim —+ N, ln‘Vx‘+ lim ln‘VY‘+
oy —0 oy —0 GhE oy =0

+N,Ino;,. + N, lim Ino,. + NIn27z — —o0

oyr —0
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Example: estimation of © (zero-order)
O
400.0 30000 ¢
/[ 500.2 2500.0
350.0 - /
{5001 2000.0 -
~ / >
11 (e S [ 5000 1
S 300.0 QO ] s 1500.0
b+ 4999 1000.0 -
250.0 |
) o.. ,d'l - 499.8 500.0 -
o
200.0 - et 499.7 0.0 b S
1.0E-03  1.0B-02  1.0E-01  1.0E+00  1.0E+01 1.0E-02 1.0E-01 1.0E+00 1.0E+01 1.0E+02 1.0E+03
2
O—I%E O-hE
400.0 525.0 800.0 550.0
600.0 - *—NLL
350.0 ) 520.0 o KIC 540.0
400.0 -
3 x =2, =
5 250.0 5100 3 E 0.0 ;500
B e e, S e Jeo L 5100
200.0 - 505.0 :
-400.0
150.0 - 500.0 -600.0 "o - 500.0
100.0 E— E— et 495.0 -800.0 - e 490.0
| OE-04 1 OE-02 1 OE+00 1 OE+02 1.0E-05  1.0E-03  1.0E-01  1.0E+01  1.0E+03
I, o
- . POLITECNICO DI MILANO




Geostatistical Inverse algorithm (2)

T
lterative inverse algorithm 0= [Iy,og% ,G;%E,Gz ]

Initialization (G=1):

- Set0=0,;, k=1 ..Np

* Find the optimum Y, minimizing NLL,
(gradient-based algorithm)

- Compute KIC,

y

yE

End

Yes

Differentiation:
« Sety, k=I,...Np

No

0\

Convergence?

- Compute KIC,

Selection:
Select between x, and 6,

ek, G
A

(parsimony principle)

A\

G=G+1
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Example: estimation of 0 (zero-order)

[ |
7 or=1.0m
- - - 2 2 2 o =
Joint estimation of @ = []Y,gy,ghE,O- 7 Reference | x=1.0
Y properties I,=1.0m
2
L Oy = 4.0
1.0E+04 1.0E+04
1.0E+03 {5 1.0E+03 -
1.0E+02 | I 1.0E+02 -
1.0E+01 1 3 1.0E+01 -
2 1.0E+00 4 1.0E+00 -
hE 1.0E-01 | E 1.0E-01 -
1.0E-02 1Hi 1.0E-02 -
1.0E-03 - 1.0E-03 { 5H H
1.0E-04 - 1.0E-04 - _,'
1.0E-05 || 1.0E-05 -
1.0E-06 + - - T - 1.0E-06 . . . .
0 10 20 30 40 0 10 20 30 40
Generation Generation
5.0 10.0
4.5 - 9.0 1
4.0 - 8.0 1
3.5 - il 7.0 1
., 3.0 - ! | 6.0 -
Y 55 012/ 5.0 -
2.0 A 4.0 A
1.5 - 3.0 -
1.0 177 2.0 11
05 1 E= =7 1.0 4
00 I T 1 T 00 T T T T
0 10 20 30 40 0 10 20 30 40
Generation Generation
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Example: estimation of a% (second-order)

I,=1.02; 0,,=1.17;04% = 0.89

10 510.0
3 508.0 - - 0- KIC, Zero Order Inversion
" 506.0 - —o— KIC, Second Order Inversion
50 2 5040 -
Oy %
4 A 502.0 -
) ' 500.0 -
1 498.0 A
0 496.0 +—m—m—m——mr——————————
0 2 4 6 8 0.0 2.0 4.0 6.0 8.0 10.0
Generation number 0_2
Y
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Conclusions

KIC: well suited for the estimation of statistical data- and model- parameters

NLL, BIC, AIC, AICc and HIC: valid to estimate only one of the parameters we

consider (variance of hydraulic head measurement errors)

Minimization of KIC: accurately and efficiently performed by a genetic search

algorithm based on DEM (Differential Evolution Algorithm)

Statistical parameters and variogram integral scale: accurately estimated by

means of zero-order approximations of conditional mean flow equation

Variogram sill: requires second-order version of mean flow equation.
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