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Construction of Fast Numerical Methods for Nonlinear Wave Equations
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I discuss a class of solution techniques for nonlinear partial differential wave equations (PDEs) based upon the
methods of algebraic geometry. The methods, applicable to both theoretical and numerical integrations, assume
spatially periodic or quasi-periodic boundary conditions and quasi-periodic temporal behavior. Unique to this so-
lution technique is construction of an appropriate Riemann surface on which the motion lies. When the motion is
integrable the spectrum on the Riemann surface constitutes constants of the motion and one refers to this case as
isospectral. On the other hand, when there is dynamical motion on the Riemann surface, the problem is nonisospec-
tral. Nonisospectral problems are the most important physically because they are the ones that best approximate
Nature. I show how nonisospectral problems can be constructed by a Lie transform deformation of an isospectral
problem. The advantage of this approach is that that traditional links between the Riemann surface and multi-
periodic Fourier series can be made. The class of Fourier series used in my approach is far outside the class of
the ordinary periodic Fourier series used in higher order methods for the numerical integration of PDEs, and re-
quires the application of new methods of algebraic geometry to construct the appropriate Riemann surfaces and
the associated Fourier series. Computation of the parameters in the Fourier series has been a formidable challenge
requiring many years of work. I give an example of the Zakharov equation and develop an approach applicable to
the Euler equations. Recent work on a computer with 100,000 cores has demonstrated two advantageous properties
of the method with respect to HOMs: (1) The tendency for these systems to blow up for sufficiently large times is
avoided and (2) speed-ups of the method of up to 10 million times are achieved.


