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Abstract
Concerning with enormous computing cost, we establish a one-

dimensional model rather than a three-dimensional one to reveal the
most significant factors that change our climate in a long-term time
scale.

For vertical momentum equation, hydrostatic approximation is ap-
plied , from which pressure is obtained as function of total mass of
air above current layer. Vertical velocity is evaluated from continuity
equation and equation of thermal conservation. For thermal balance
equation, three kinds of heat sources are taken into account: radiative
absorption of water vapor and carbon dioxide; latent heat flux; turbu-
lent heat flux. To calculate radiation flux we solve the differential equa-
tions associated with upward irradiance and downward irradiance, re-
spectively. Absorption coefficients of greenhouse gases in dependence
of temperature and pressure are obtained from HITRAN database and
bilinear interpolation is applied to utilize these coefficients in the dif-
ferential equations. We consider uniform size distributed droplets at
certain layer, with equation of diffusion of water vapor, equation of
motion for droplets and phase change criterion we get the droplets dis-
tribution over height, and at the same time latent heat can be calculated.
For calculation of turbulent heat transfer, we use modern theory to pa-
rameterize horizontal velocity profile, define the boundary layer height
and calculate eddy viscosity, eddy conductivity and eddy diffusivity.

On the top layer of atmosphere density, pressure, concentration of
water and gradient of temperature are set to zero, downward irradiance
is set to input solar irradiance in dependence of time. On the surface
boundary, ocean-atmosphere interface and land-atmosphere interface
are considered separately, for both situations input and output of irradi-
ance, thermal conductivity and latent heat are balanced on the interface.

With help of this model we can analyze the influences of atmo-
spheric turbulence and surface boundary conditions on the long-term
temperature distribution. How carbon dioxide effects global tempera-
ture is widely discussed, this model can also help to understand the role
of greenhouse gases in global warming.

Main Objectives
1. Mathematical description with physical details in one-

dimensional model.
2. Turbulent heat transfer studied by parameterization of turbu-

lent eddy diffusivity.
3. Latent heat of water, simulation droplets.
4. Greenhouse effects of carbon dioxide and water vapor.
5. Interaction of different factors of influences on dynamics of

atmosphere.

System of Equations
We are going to consider a vertical colum of air considered as
perfect gas without viscosity . For the energy balance equation,
heat source consists of three parts: turbulent eddy heat flux, ab-
sorption of greenhouse gases and latent heat of water. In order to
study the effects of greenhouse gases in this system, we consider
carbon dioxide and water vapor and calculate the absorption heat
of them. In vertical momentum equation inertial part is not taken
into account, i.e. quasi-static assumption is used. The equation
of heat flux is written as follows:
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where
Q∗ = −∂q

∂z
+Q− J (e)l(e)

is heat source which consists of:
1. turbulent heat transfer, q = −λd · ∂θ∂z , where λd is turbulent

thermal conductivity coefficient, θ is potential temperature;
2. absorbed heat by greenhouse gases Q;
3. latent heat of evaporation J (e)l(e), or condensation (with mi-

nus sign).
Applying equation of state p = RρT to equation of heat flux (1)
we can rewrite the heat flux equation as the relations between
derivatives of p and ρ with respect to t:
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where γ = Cp/Cv is heat capacity ratio of air, which can be
considered as constant 1.4 .

From quasi-static assumption, vertical velocity does not occur
in vertical momentum equation, thus pressure at certain altitude
is defined by total mass above:

p = g

∫ ∞
z

ρdz′ = gM (3)

where M =
∫∞
z ρdz′ is the total mass above certain altitude.

Pressure change rate is then defined by the change of mass:
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where
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is rate of total mass change.
Continuity equation is as follows:
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Vertical velocity can be estimated by heat flux equation (2) and
continuity equation (5):
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In total, the final set of system is as follows:
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where ph(t) is the pressure on the surface, Kd is turbulent dif-
fusivity coefficient, horizontal velocity is estimated by given
horizontal velocity profile [2].
Boundary Conditions:

z = H : ρ = 0, p = 0, Ṁ = 0, vz = 0

z = 0 : vz =
ξ
(e)
0

ρ0
,

p ≡ p0,
∂p0
∂t

= ρgvz,0,

q−0 − q+0 + (1− A)G+0 − (1− A)G−0
− U+0 + U−0 = ξ

(e)
0 l(e)

where ξ(e)0 is flux of water evaporation on the interphase bound-
ary, ρ0 is the density of air on the lower boundary, G,U are
downward and upward irradiance respectively,A is albedo. Here
index (-0) means below the boundary, and (+0) means over the
boundary. q−0, q+0 are heat flux to the interface from below
and over the boundary respectively. Since at height of 40 km,
pressure and density of air is closed to zero, we take H = 40
km.

Heat Fluxes

Latent Heat of Droplets
Water in the air consists of two phases, gas (water vapor) and
liquid: ρ = ρA + ρW, ρW = ρG + ρL, subscript L denotes liquid
water and G denotes water vapor. Equations of mass conserva-
tion for water vapor and droplets are as follows:


∂ρG

∂t
= −∂ρG(vz + ωG)

∂z
+ J (e), ωG = −ν(d) ∂

∂z

(
ρG

ρ

)
∂ρL

∂t
= −∂ρL(vz + ωL)

∂z
− J (e), Cd ·

ρω2L
2

πd2

4
=

2πd3

3
ρ0

Lg

(8)

where ωG, ωL are relative vertical velocity to air of water va-
por and droplets, respectively; d is diameter of one droplet,
ρ0

L = 998 kg/m3. ν(d) is turbulent diffusivity of water vapor in
air: ν(d) = 0.22 + 0.0015 ∗ (T − 273.15). Cd is drag coefficient,
when Reynolds number is small:

Cd = Cd(Re) =
24

Re
, Re =

ρωLd

µm
(9)

So relative velocity can be expressed by diameter of droplet:
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2
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According to Sutherland’s formula,
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for air, C = 120K, T0 = 291.15K, µ0 = 18.27µPa · s. Mass
transfer of water is proportional to droplet surface and to the
difference of concentrations of water vapor between the droplet

surface and the environment around it, for a particular droplet
with diameter d:

J
(e)
d = nπd2ν(d)Sh

ρs − ρ∞
d

(10)

n - number of droplets in unit volume (1/m3), ρs- mass con-
centration of water vapor on surface of droplet, which can be
obtained by ρs = ρsat(Ts), ρ∞ - mass concentration of water
vapor around droplets, which can be replaced by ρG above, Sh -
Sherwood number, a dimensionless number representing the ra-
tio of mass transfer to the rate of diffusive mass transport. Mass
transfer coefficient Sherwood number (Sh) for a single sphere
we take the following form:

Sh = 2.0 + A · RemScn

where constants A,m, n can be different, for the first test we set
A = 0.552, m = 1/7, n = 1/3.

Absorption of Solar Radiation
To calculate the absorpted heat flux by greenhouse gases, we
get absorption coefficients of carbon dioxide and water vapor
from database [1], the absorption coefficients are depended on
pressure, temperature and wavelength of light. The wavelength
range is 0.3 ∼ 50µm, the coefficients are interpolated in 2D
(T, P ) plane. The following is the equation for upward and
downward irradiance for specific wavelength of light.

∂Uλ
∂z

= β (α1ρ1 + α2ρ2) (Bλ − Uλ) ,
∂Gλ
∂z

= β (α1ρ1 + α2ρ2) (Gλ −Bλ)
(11)

where Uλ, Gλ are upward and downward irradiance respec-
tively, β is a constant from integration of all directions, taken
as 1.67, Bλ is Planck function at specific wavelength. The heat
flux is obtained by integrating the difference of downward irra-
diance and upward irradiance:

Q(z) =

∫
λ

∂(Gλ − Uλ)
∂z

dλ

.

Turbulent Heat Transfer
Turbulent heat flux is estimated by studying diffusivity coeffi-
cient Kd, we first take a distribution of Kd over height, which
does not change with time . Kumar et al. [3] gives a parame-
terization method of eddy diffusivity, which we will use in later
study.

Figure 1: Eddy diffusivity coefficient

Forthcoming Research
1. Complete the code.
2. Different types of turbulent diffusivity coefficients.
3. Include other greenhouse gases.
4. Estimate distribution of droplet size.
5. Interaction of atmosphere with surface interface.
6. Parallelization of the program.
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