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Eq. (2) SFC SW net (6) + LW net (–2) = (OLR – LWCRE)/2   (4)

(185 – 24) + (342 – 398) = (239 – 26.7)/2 – 1.15 Wm-2

Eq. (4) SFC SW net (6) + LW down (13) = 2OLR + LWCRE  (19)

(185 – 24) + 342 = 2 × 239 + 26.7 – 1.7 Wm-2
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Eq. (2) SFC SW net (6) + LW net (–2) = (OLR – LWCRE)/2   (4)

(185 – 24) + (342 – 398) = (239 – 26.7)/2 – 1.15 Wm-2

Eq. (4) SFC SW net (6) + LW down (13) = 2OLR + LWCRE  (19)

(185 – 24) + 342 = 2 × 239 + 26.7 – 1.7 Wm-2

g(theory) = G/ULW = (ULW – OLR)/ULW = (15 – 9)/15 = 0.4

g(observed) = (398 – 239) /398 = 0.3995

IPCC-AR5 (2013)



Radiative forcing / Radiative equilibrium

„Arrhenius (1896) made the quantitative connection to estimate the 
surface temperature increase due to increases in CO2. Arrhenius’
systematic investigation and inferences have proven to be pivotal in 
shaping the modern-day thinking and computational modeling of the 
climate effects due to CO2 radiative forcing.” (Ramaswamy et al. 
2019, Am Met Soc Monographs: Radiative forcing of climate)

Another line of thinking: Radiative equilibrium (Sampson, 1894)

On the Equilibrium of the Sun’s Atmosphere (Schwarzschild 1906):

E: blackbody emission, A: outward radiation, A0 = OLR

B inward radiation, m: optische Masse (�, optical depth)
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A – E = ΔA = A0 /2   independent of m

Bg – B0 = ΔBg = Beff /2

Houghton (2002, Eq. 2.13)

Chamberlain (1978)
Theory of Planetary Atmospheres, 

Academic Press



Deduction by E. A. Milne (1930)



Milne 

cont’d
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gSchwarzschild (1914)
as presented by Goody and Yung (1989)



Goody (1964)

Goody and Yung (1989)



g

My Eq. (1): ΔB = Beff/2

Goody and Yung (1989) cont.



Andrews (2000)
An Introduction to Atmospheric Physics. Cambridge Univ Press

Eq. (2): ΔBg = (Beff – L)/2 (surface net, all-sky)

Separating atmospheric radiation from longwave cloud effect (L):

Eq. (1) (clear-sky)

ΔB = Beff /2

L
My Eq. (2) (all-sky)

ΔB = (Beff – L)2



Hartmann (1994)
Global Physical Climatology

Surface gross: Bg = 2Beff ; Adding cloud effect: Bg = 2Beff + L

Earth’s

atmosphere is 

not quite like

that, but not so

far. Let’s try!



Houghton (2002)
The physics of Atmospheres, Cambridge Univ Press

My Eq. (3) Surface gross radiation, clear-sky: πBg = 2Φ

My Eq. (4) Adding cloud effect, all-sky: πBg = 2Φ + L

With optical depth χ*0 = 2,



Let be my four equations

Eq. (1) Schwarzschild (1906, Eq. 11), net, clear-sky

A – E = ΔA = A0 /2

Eq. (2) Schwarzschild (1906, Eq. 11), incl LWCRE, net, all-sky

A – E = ΔA = (A0 – L) /2

Eq. (3) Schwarzschild (1906, Eq. 11), at τ = 2, gross, clear-sky

A = 2A0

Eq. (4) Schwarzschild (1906, Eq. 11), at τ = 2, incl LWCRE, gross, all-sky

A = 2A0 + L



My four equations

Eq. (1): Houghton Eq. (2.13)

Eq. (2): Houghton Eq. (2.13) incl LWCRE

Eq. (3): Houghton Eq. (2.15) at χ*0 = 2

Eq. (4): Houghton Eq. (2.15) at χ*0 = 2, incl LWCRE

Eq. (1)   Surface net, clear-sky: ΔBg = Bg – B0 = Beff /2  

Eq. (2)   Surface net, all-sky:         ΔBg = Bg – B0 = (Beff – L)/2

Eq. (3)   Surface gross, clear-sky:   Bg = 2Beff

Eq. (4)   Surface gross, all-sky:       Bg = 2Beff + L



My four equations

Eq. (1): Pierrehumbert (2010, Eq. 4.44, 4.45)

Eq. (2): Pierrehumbert (2010, Eq. 4.44,  4.45) incl LWCRE

Eq. (3): Pierrehumbert (2010, Eq. 4.44) at τ= 2

Eq. (4): Pierrehumbert (2010, Eq. 4.44) at τ= 2 incl LWCRE

Eq. (1) Surface net, clear-sky: σ(T4
g – T4

0) = OLR /2  

Eq. (2) Surface net, all-sky: σ(T4
g – T4

0) = (OLR – LWCRE) /2

Eq. (3) Surface gross, clear-sky: σT4
g = 2OLR

Eq. (4) Surface gross, all-sky: σT4
g = 2OLR + LWCRE



Solution to the four equations
Eq. (1)   Surface net, clear-sky: ΔBg = Bg – B0 = Beff /2  

Eq. (2)   Surface net, all-sky:         ΔBg = Bg – B0 = (Beff – L)/2

Eq. (3)   Surface gross, clear-sky:   Bg = 2Beff

Eq. (4)   Surface gross, all-sky:       Bg = 2Beff + L

Solution:

Clear-sky: ΔBg = 5, Beff = 10, B0 = 15, Bg = 20; G = B0 – Beff = 5

All-sky:  ΔBg = 4, Beff =  9, B0 = 15, Bg = 19; G = B0 – Beff = 6 ;  L = 1

Further (clear-sky): Bskin = B0/2 = 7.5 => WIN = Beff – Bskin = 2.5 =>

Bg :  B0 : Beff : Bskin : G : WIN : LWCRE =

20 : 15 : 10 : 7.5   : 5  : 2.5   : 1  (related to the spherical surface)

80 : 60 : 40 : 30   : 20 : 10    : 4 (related to the intercepting disk)



Clear-sky: Costa-Shine (2012)

1 = 26.68 Wm-2; TSI = 1360.68 Wm-2 = 51



The four equations + definitions

in CERES notation system

Eq. (1) SFC SW+LW net, clear-sky = OLR/2

Eq. (2) SFC SW+LW net, all-sky = (OLR – LWCRE)/2

Eq. (3) SFC SW net + LW down, clear = 2OLR

Eq. (4) SFC SW net + LW down, all = 2OLR + LWCRE

+ SFC LW down clear = SFC LW down all – LWCRE

+ TOA LW clear = TOA LW all + LWCRE

+ LWCRE TOA = LWCRE SFC 

+ SFC LW up all = SFC LW up clear



Accuracy of the equations
and their integer solution

Accuracy in CERES EBAF Ed4.1, 19 years of data Wm-2



Eq. (1) (CERES EBAF 19 yrs)

• SFC SW net clear-sky = 211.75 8

• SFC LW down clear-sky = 317.40 12

• SFC LW up clear-sky = 398.38 15

SFC SW+LW net, clear-sky = 130.76 5

TOA LW /2, clear-sky = 133.00 5

ΔEq(1) = – 2.24 Wm-2



Eq. (2) (CERES EBAF 19 yrs)

• SFC SW net all-sky = 163.54 6

• SFC LW down all-sky = 345.12 13

• SFC LW up all-sky = 398.60 15

• TOA LW, all-sky = 240.19 9

• LWCRE = 25.82 1

SFC SW+LW net, all-sky = 110.06 4

(TOA LW – LWCRE)/2 = 107.19 4

ΔEq(2) = 2.87 Wm-2



Eq. (3) (CERES EBAF 19 yrs)

• SFC SW net clear-sky = 211.75 8

• SFC LW down clear-sky = 317.41 12

SFC SW net + LW down = 529.16 20

2TOA LW, clear-sky = 532.02 20

ΔEq(3) = – 2.86 Wm-2



Eq. (4) (CERES EBAF 19 yrs)

• SFC SW net all-sky = 163.54 6

• SFC LW down all-sky = 345.12 13

• TOA LW, all-sky = 240.19 9

• LWCRE = 25.82 1

SFC SW net +LW down, all = 508.66 19

2TOA LW + LWCRE = 506.20 19

ΔEq(4) = 2.46 Wm-2



Eq.(1)  8 + (12 – 15) = 10/2

• 211.75 =   8 × 26.68 – 1.69 Wm-2

• 317.40 = 12 × 26.68 – 2.76 Wm-2

• 398.38 = 15 × 26.68 – 1.82 Wm-2

130.76 =   5 × 26.68 – 2.64 Wm-2

133.00 =   5 × 26.68 – 0.4 Wm-2

ΔEq(1) = – 2.24 Wm-2



Eq. (2) 6 + (13 – 15) = (9 – 1)/2

• 163.54 =   6 × 26.68 + 3.46 Wm-2

• 345.12 = 13 × 26.68 – 1.72 Wm-2

• 398.60 = 15 × 26.68 – 1.60 Wm-2

• 240.19 =   9 × 26.68 + 0.07 Wm-2

• 25.82 =   1 × 26.68 – 0.86 Wm-2

110.06 =   4 × 26.68 + 3.34 Wm-2

107.19 =   4 × 26.68 + 0.47 Wm-2

ΔEq(2) = 2.87 Wm-2



Eq. (3) 8 + 12 = 2 × 10

• 211.75 =   8 × 26.68  – 1.69 Wm-2

• 317.41 = 12 × 26.68 – 2.75 Wm-2

529.16 = 20 × 26.68 – 4.44 Wm-2

532.02 = 20 × 26.68 – 1.58 Wm-2

ΔEq(3) = – 2.86 Wm-2



Eq. (4) 6 + 13 = 2 × 9 + 1

• 163.54 =   6 × 26.68 + 3.46 Wm-2

• 345.12 = 13 × 26.68 – 1.72 Wm-2

• 240.19 =   9 × 26.68 + 0.07 Wm-2

• 25.82 =   1 × 26.68 – 0.86 Wm-2

508.66 = 19 × 26.68 + 1.74 Wm-2

506.20 = 19 × 26.68 – 0.72 Wm-2

ΔEq(4) = 2.46 Wm-2



Accuracy of the equations

• The „gross” Eq. (3) and Eq. (4), contrary to the model

differences, have the same accuracy of < 3 Wm-2 as 

the evident net equations.

• The Earth system seems to be able to ‘close the 

window’ and maintain an „effectively LW-opaque”

atmosphere, with a prescribed global mean optical 

depth of τ = 2.

• This is one of the most interesting results of our study. 

• How? By LWCRE. — Why? Good question!

• Follow the simplest geometry! See in the Extras.



Ramanathan (1998, 2006)
• As we can see, the integer solution to the theoretical transfer

equations, with LWCRE = 1, prescribes OLR(all) = 9, OLR(clear) = 
10, and ULW = 15.

• This means for the greenhouse effect G(all) = ULW – OLR(all) = 
= 15 – 9 = 6 and G(clear) = 15 – 10 = 5.

• The normalized greenhouse factors are g(theory, all) = 6/15 = 0.4
and g(theory, clear) = 5/15 = 1/3. 

• Ramanathan (1998) in his Volvo Prize Lecture gives the following
description: “At a global average surface temperature of about 289 
K, the globally averaged longwave emission by the surface is about 
395 ± 5 Wm-2, whereas the OLR is only 237 ± 3 Wm-2. Thus, the 
intervening atmosphere and clouds cause a reduction of 158 ± 7 
Wm-2 in the longwave emission to space, which is the magnitude of 
the total greenhouse effect (G)”. In that case g(all) = 158/395 = 0.4.

• Ramanathan and Inamdar (2006) found for clear-sky: “the 
normalized ga is 0.33, i.e., the atmosphere reduces the energy 
escaping to space by 131 Wm−2 (or by a factor of 1/3).” Yes,
g(theory, clear) = 1/3.



The Greenhouse Effect: Theory and
Observation (CERES EBAF Ed4.1, 12 mo)

Theory

Observed

Sits exactly in its theoretically prescribed equilibrium position; 

does not seem to show any deviation or enhancement.



Radiative forcing vs. Radiative equilibrium?
• Manabe and Strickler (1964), Manabe and Wetherald (1967, 1975, 

1980), and their follow-ups (Ramanathan and Coakley 1978, 
Ramanathan et al. 1979) did not regard the surface net radiation
(the size of the convective adjustment) theoretically constrained, 
and never equated to OLR/2.

• The Charney Report (1979) does not make any attempt to utilize  
these constrains. Their result, 3 ± 1.5 °C, equivalent to 16.7 ± 8.4 
Wm-2, falls far out any observed range of uncertainty of ± 0.5 °C 
(± 3 Wm-2) of the examined relationships.

• The IPCC AR5 (2013) WGI report Chapter 2 mentions surface net 
radiation several times, but never declares its definite theoretical 
connection to the TOA fluxes. 

• Ramaswamy et al. (2019), in their assessment of „The historical 
evalution of the radiative forcing” concept, refer to the estimate of 
L’Ecuyer et al. (2015); but the all-sky net and gross equations (Eq. 2 
and 4) are satisfied there within 0.35 Wm-2 and 2.3 Wm-2, resp.



„Radiative forcing of climate”
Ramaswamy et al., Met Monographs (2019)

Red: The net and gross all-sky equations
Green: Values from L’Ecuyer et al. (2015)



All-sky equations and integer structure in
Stephens and L’Ecuyer (2015)



All-sky equations in IPCC (2013)

The greenhouse effect g = G/ULW = (ULW – OLR)/ULW
g (theory) = (15 – 9) / 15 = 0.4; g (obs) = (398 – 239) / 398 = 0.3995



The differences might come from

• Observation uncertainty

• Measurement error

• Natural fluctuation around the N position

• Systematic deviation from the N position

• Theoretical accuracy of the equations
(Eddington two-stream approximation)

• Dynamical transition of the whole system



Conclusions
• Eq. (1) is a standard textbook formula; its validity in

observations was an expectation.

• Eq. (2) is its evident all-sky extension.

• Eq. (3) and (4) belong to a specific „single-slab”
(SW-transparent, LW-opaque) atmosphere, with τ = 2.

• Their same accuracy as the net equations (< 3 Wm-2) 
is a remarkable fact and deserves attention.

• The extreme accuracy at TOA (< 1 Wm-2) requires
further explanation. 

• The internal integer structure is a consequence, but 
the external reference to TSI = 51 with LWCRE = 1
is a novum and points to new directions.



LWCRE = 1, TSI = 51
The complete global mean energy flow system follows from

TSI at 1 AU = 1360.9 ± 0.5 Wm-2 . 

Let me use TSI = 1360.68 Wm-2 = 51 => 1 = 26.68 Wm-2

Disk, clear-sky: RSR =   8, ASR = 43, OLR = 40, IMB = 3

Disk, all-sky:     RSR = 15, ASR = 36, OLR = 36

Each flux value is integer on the cross-section disk

Some quarters appear only after spherical weighting



g



Recommendations for
IPCC AR6 WGI Chapter 7

• The Earth’s energy budget seems to be 
determined by theoretical transfer equations, 
satisfied by the Earth system with high accuracy. 

• The all-sky theoretical greenhouse effect is 
gtheory = (15 – 9)/15 = 0.4, its observed value is 
gobs = (398 – 239)/398 = 0.3995.

• The clear-sky theoretical greenhouse effect is 
gtheory = (15 – 10)/15 = 1/3, its observed value is 
gobs = (398 – 267)/398 = 0.329.

• The essential information on the recent state of 
the energy budget is projected on the diagrams:



g



g



g



Summary for this session

• Earth radiation budget seems to be more 
constrained than previously thought.

• Radiative forcing is only one half of the 
description; the other half are relevant 
stabilizing equilibrium relationships.

• Climate change might have other sources 
(e.g., shortwave perturbations) than the 
assumed enhanced greenhouse effect.

• I predict DLR(all) = (13/9)×OLR(all).



DLR = (13/9)OLR – 1.8 Wm-2

DLR (13) mean = 345.17

OLR (9) mean = 240.20

TSI = 1360.9 ± 0.5 Wm-2 = 51 => 9 = 240.16 Wm-2



DLR – (13/9) OLR = –1.8 Wm-2

DLR   OLR      Diff 228 months of observations



DLR all-sky = (13/9) OLR all-sky ± 3 Wm-2

Radiative-
convective

equilibrium

concept
(with

constraints)

Radiative forcing concept

(without constraints)



The Message

• These challenging times prove humankind needs the 
best science in every respect.

• Radiative forcing is not the best science.

• It is only one half of our understanding. 

• The other half is equilibrium constraints.

• The equations are robust, proved to be valid in the past 
two decades.

• I expect them to remain valid in the forthcoming decades 
as well.

• How these constraints counteract additional CO2 forcing 
(by reorganizing cloud / temperature / water vapor 
distributions?) is to be investigated.



Extras



Marshall and Plumb (2008)
The simplest greenhouse geometry

SW-transparent, LW-opaque, non-turbulent



The two essential features of the
simplest greenhouse model: S = 2A = 2F; G = A = F 

S = 2A = 2F

FF = A =
S0(1-α)/4

G = A = F



Modified from Vardavas and Taylor (2006)

S = 2σTa

Eq. (3) – (4) (Gross): Single-Slab Geometry

(same as in Marshall-Plumb)

S = 2σTa



Same as Hartmann (1994, Fig. 2.3)

Since σT4
S = 2σT4

A ,

G = σT4
S – σT4

A = σT4
A = S0(1 – αp)/4

= Surface Absorbed Solar

But in our ‘quasi LW-opaque’ atmosphere, 
G = Solar Absorbed Surface works in the all-sky mean:



Eq. (5) G all-sky = SFC SW net

SFC SW net = 160, G = 398 – 239 = 159

G = 

159



G all = SFC SW net, if ε = 1 (Liou 1980)

TOA

SFC



• G all = B0 – Beff = 15 – 9 = 6 = SFC SW net 

• Bg (all) = SFW SW net + LW down = 19 =>

• LW down all = 13 => LW down clear = 12

• Bg (clear) = 20 => 

• Clear-sky SFC SW net (clear) = 8

• SWCRE at surface = –2.

Eq. (5) G all-sky = SFC SW net =>



And now: How our system is able to create
an „effectively opaque” atmosphere?

A deduction in four steps

SW-transparent, LW-opaque, non-turbulent



Solar Absorbed Atmosphere (SAA) = 1, Solar Absorbed Surface (SAS) = 2

Step 1. After UNIT change 1 => 3, introduce

ONE unit of atmospheric SW-absorption:



Incl. clouds

WIN = 1 ATM  =   81

1

LW CRE

Step 2. After unit change 3 => 9, allow ONE unit for WIN 
and put in clouds with ONE unit of cloud LW radiative effect…

6 15                     9

3



Incl. clouds

ATM  =   81

1

LW CRELW CRE

WIN = 1

Step 3: … and close the window with it !

The result is an effectively IR-opaque system.

6 15 9

3

From a surface perspective: 
What is lost in the window is gained back by the LW effect of clouds



Incl. clouds

ATM  =   81

1

LW CRE
LW CRE

WIN = 1

Step 4: Finally, by adding 4 UNITS of convection,

close the balance with turbulent fluxes.

6 6+9           4 4+9

3



• Upper left panel: SW-transparent, LW-opaque, non-turbulent atmosphere. 

Absorbed Solar Radiation (ASR = 9 units) is absorbed by the surface (SAS = 

9). Upward emitted LW by the surface (ULW) is 18 units, absorbed

completely by the atmospheric layer and re-emitted up (OLR) and down 

(DLR) equally as 9 units. G = ULW – OLR = 9 = ASR = OLR = DLR = SAS.

• Upper right: Allowing 3 units for partial Solar Atmospheric Absorption (SAA),  

SAS becomes 6 units, ULW = 15 units, atmospheric balance: 3 + 15 = 9 + 9.

• Lower left: Allowing 1 unit for partial atmospheric LW transparency (WIN),

Longwave Atmospheric Absorption (LAA) is 14 units, upward atmospheric 

LW emission becomes ATM = 8 units. Clouds are introduced by LWCRE = 1 

unit, included here both in ATM and DLR. Energy balance: 3 + 14 = 8 + 9.

• Lower right: To supply LWCRE up and down, turbulence is allowed with 4 

units, absorbed by the atmospheric layer. DLR becomes 13 units, balance: 

SAA + LAA + Turb = 21 = ATM + DLR. Surface energy budget and the two 

all-sky equations are also satisfied. Compare to Wild et al. (2015), next slide. 

The validity of G = SAS of the initial geometry is reserved.

Deducing the all-sky system from the single-slab 

(description for the next slide)



Deducing the all-sky system from the single-slab

in four steps; Eq. (5)  G = SFC SW net

Eq. (2), Eq. (4) and Eq. (5) valid

G = ULW – OLR = 9

= Solar Abs Surface



g



Eq. (6) G clear-sky = SFC SW+LW net
(verified by Costa and Shine 2012)

1 = 26.68 Wm-2; TSI = 1360.68 Wm-2 = 51

Bg : B0 : OLR : ATM : G : WIN = 2 : 3/2 : 1 : 3/4 : 1/2 : 1/4

Equivalent to:

Bg : B0 : OLR : ATM : G (= SFC SW+LW Net) : WIN = 80 : 60 : 40 : 30 : 20 : 10

SFC SW+LW Gross : ULW : DLR : OLR : SFC SW Net : ATM : G : WIN : TOA SW Up : LWCRE

= 80 : 60 : 48 : 40 : 32 : 30 : 20 : 10 : 8 : 4 ;  after spherical weighting (divided by 4):

= 20 : 15 : 12 : 10 : 8 : 7.5 : 5 : 2.5 : 2 : 1



Deducing the clear-sky system
(description to the next slide)

• Upper left: On the intercepting cross-section disk, incoming solar radiation is 
51 units, from which 43 absorbed, 8 reflected, 40 emitted as LW, 3 units are 
transferred to the cloudy part of the atmosphere, supplied by 3 units of solar 
atmospheric absorption (SAA). Hence SAS = DLR = 40, ULW = 80 units.

• Upper right: Allowing 8 units of more solar atmospheric absorption, SAA = 11, 
SAS becomes 32, ULW decreases to 72 units.

• Lower left: Allowing 10 units for the window, atmospheric upward emission 
(ATM) must decrease to 30 units. Introducing 20 units of turbulence, and 
constraining ULW to its all-sky value (15 units on the sphere, 60 units at the 
disk), LAA is 50 and DLR must become 48 units (11 + 50 + 20 = 30 + 48 + 3). 
The two clear-sky equations are valid (Turb = OLR/2 and ULW + Turb = 
SAS+DLR = 2OLR). Eq. (6) also satisfied: G = Turb; and a new equation 
reveals itself: Eq. (7) 2ASR = 2OLR + WIN – LWCRE. Each value is integer.

• Lower right: After spherical weighting (divide by 4), the result can be 
compared to the clear-sky energy budget of Wild et al. (2018). In some
fluxes, quarters appear.



Deducing the clear-sky system, Eq. (6), and a new

Eq. (7) 2ASR = 2OLR + WIN – LWCRE

Eqs. (1), (3), (6) and (7) valid



g



• Because Earth’s atmosphere is not a closed but a ‘leaky’ single-slab, 

at χ*0 = 2, in clear-sky, Φ cannot be equal to the incoming radiation

(which is given), only to the outgoing, which is set to a lower value: 

OLR (clear) < ASR (clear). 

• That’s why in the clear-sky we have Bg = 2Φ/π = 2Beff = 2OLR, 

instead of Bg = 2ASR.

• In the all-sky, ‘leak’ (WIN) is closed by LWCRE:

• ASR(all) = OLR(all); WIN = LWCRE. 

More about the single-slab
Eq. (7) 2ASR = 2OLR + WIN – LWCRE

Houghton (2002)



Eq. (7) 2ASR = 2OLR + WIN – LWCRE
All-sky: ASR = OLR; WIN all = LWCRE = 1

Clear-sky OLR = 10;  WIN clear = 2.5 =>

Clear-sky ASR = 10.75; Clear TOA net = 3/4

This was for the spherical surface of Earth =>

For the intercepting cross-section disk:

TSI = 51, ASR = 43, OLR = 40, WIN = 10, 

Reflected = 8, Clear-sky TOA net = 3. 

Substitute TSI = 51 = 1360.68 Wm-2 and divide by 4 => 

RSR = 2 = 53.36 Wm-2, ASR = 10.75 = 286.81 Wm-2, 

OLR = 10 = 266.80 Wm-2; Clear-sky TOA net = 20.01 Wm-2

It seems that the energetic role of clouds in the LW is to close the open
atmospheric window. The radiative energy being lost in the window is 
gained back by the greenhouse effect of clouds. This interplay is 
expressed by Eq. (7).



Clear-sky basics in their own units

• Costa and Shine (2012) computed WIN (clear) = 65 Wm-2 for
their model atmosphere with OLR (clear) = 259 Wm-2.

• Proportionally, with our theoretical OLR = 266.8 Wm-2 WIN 
would be 66.96 Wm-2. Our theoretical WIN (clear) value is 
66.7 Wm-2.

• Notice that both TSI and the basic Earth fluxes (OLR, ATM, 
ULW and G) can also be expressed as integers in clear-sky
unit of WIN (clear):

• TSI = 50 + 1 all-sky units = 20 clear-sky units + 1 all-sky unit

• 1 = LWCRE = WIN (all) = 26.68 Wm-2

• 1 = WIN (clear) = 66.7 Wm-2

• OLR = 4 = 10 = 266.8 Wm-2; ULW = 6 = 15 = 400.20 Wm-2; 
WIN = 1 = 2.5 = 66.7 Wm-2;  ATM = 3 = 7.5 = 200.10 Wm-2; 
G = 2 = 5 = 133.40 Wm-2; TSI = 1360.68 Wm-2. 



Clear-sky basics: g = (ULW – OLR) /ULW = 5/15 = 2/6 = 1/3

G = 5 = 2

50 + 1

20 + 1



All-sky basics related to TSI



Eq. (8) TSI = 51, LWCRE = 1



51
1360.68

Wild et al. 2015

The equations represent direct
surface-TOA energetic relationships

These interconnections put the
atmospheric processes into

parentheses.



Endnotes
• The first who realized that in radiative equilibrium there is a temperature 

discontinuity at the surface was Robert Emden (married Klara Schwarzschild, 

sister of Karl) in 1913. He calculated from the Schwarzschild-equations that the 

‘jump’ is 20°C but, in the same sentence, he noted that this ‘Temperatursprung’

was greatly diminished by conduction of heat and evaporation.

• My equations do not separate the surface net flux into sensible heat and 

evaporation; neither surface net solar radiation into its downward and upward 

components; their integer values therefore are only tentative.

• Open questions: Climate transitions, ice ages.
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Patterns in the CERES Global Mean Data, Part 4.

From Schwarzschild (1906) to CERES (2019):

Laws Behind The Rules (Patterns Explained)

51

“Equation (2.17) is known as the equation of transfer, and was first given in this form by 

Schwarzschild. While it sets the pattern of the formalism used in transfer problems, 

its physical content is very slight.” — Goody and Yung (1989)

“The Eddington approximation will generally be employed; while it is not precise it omits no 

essential physical principles, provided that the medium is stratified.” — Goody (1964)  

1360.68
Wild et al. 2015

Miklos Zagoni (Budapest, Hungary)

CERES Science Team Meeting, April 30, 2020
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A – E = ΔA = A0 /2   independent of τ

ΔBg = Bg – B0 = Beff /2

Houghton (2002, Eq. 2.13)

Chamberlain (1978)
Theory of Planetary Atmospheres, 

Academic Press

The Physics of Atmospheres, 

Cambridge Univ Press



g

My Eq. (1)  ΔB = Beff/2

(Goody and Yung 1989)



Houghton (2002, Fig. 2.4)
The Physics of Atmospheres, Cambridge Univ Press

Eq. (2):   ΔBg = (Beff – L)/2 (surface net, all-sky)

Separating atmospheric radiation from longwave cloud effect (L):

Eq. (1) (clear-sky)

ΔB = Beff /2

My Eq. (2) (all-sky)

ΔB = (Beff – L)2
LL



Hartmann (1994)
Global Physical Climatology

Surface total (gross) SW + LW energy income: Bg = 2Beff 

Adding cloud effect, the surface absorption is:   Bg = 2Beff + L

=
Single-slab

L



Houghton (2002)

My Eq. (3) Surface total, clear-sky: πBg = 2ϕ
My Eq. (4) With cloud effect, all-sky: πBg = 2ϕ + L

With optical depth χ*0 = 2,



My four equations

Eq. (1) Schwarzschild (1906, Eq. 11), net, clear-sky

A – E = ΔA = A0 /2

Eq. (2) Schwarzschild (1906, Eq. 11), incl LWCRE, net, all-sky

A – E = ΔA = (A0 – L) /2

Eq. (3) Schwarzschild (1906, Eq. 11), at τ = 2, gross, clear-sky

A = 2A0

Eq. (4) Schwarzschild (1906, Eq. 11), at τ = 2, incl LWCRE, gross, all-sky

A = 2A0 + L



My four equations

Eq. (1): Houghton Eq. (2.13)

Eq. (2): Houghton Eq. (2.13) incl LWCRE

Eq. (3): Houghton Eq. (2.15) at χ*0 = 2

Eq. (4): Houghton Eq. (2.15) at χ*0 = 2, incl LWCRE

Eq. (1)   Surface net, clear-sky: ΔBg = Bg – B0 = Beff /2  

Eq. (2)   Surface net, all-sky:         ΔBg = Bg – B0 = (Beff – L)/2

Eq. (3)   Surface gross, clear-sky:    Bg = 2Beff

Eq. (4)   Surface gross, all-sky:        Bg = 2Beff + L



The four equations in CERES notation

Eq. (1)  ΔBg = SFC SW net + LW net, clear-sky = OLR/2

Eq. (2) ΔBg = SFC SW net + LW net, all-sky = (OLR – LWCRE)/2

Eq. (3) Bg = SFC SW net + LW down, clear-sky = 2OLR

Eq. (4) Bg = SFC SW net + LW down, all-sky = 2OLR + LWCRE

Surface LW up (ULW) = LW down + LW net (both for clear and all)

LWCRE at the TOA = LWCRE at the surface



Accuracy of the equations in CERES EBAF Ed4.1, 

annual global means for

19 running years, 12/2000 – 11/2019



Accuracy of the equations, EBAF Ed4.1, 19 years

Eq. (1) Clear-sky, net

SFC SW net clear-sky = 211.73

SFC LW down clear-sky = 317.48

SFC LW up clear-sky = 398.46  

SFC SW+LW net, clear-sky = 130.75

TOA LW /2, clear-sky = 133.00  

ΔEq(1) = – 2.25 Wm-2

Eq. (2) All-sky, net

SFC SW net all-sky = 163.57

SFC LW down all-sky = 345.15

SFC LW up all-sky = 398.67  

TOA LW, all-sky = 240.22

LWCRE = 25.79

SFC SW+LW net, all-sky = 110.05

(TOA LW – LWCRE)/2 = 107.21

ΔEq(2) = 2.84 Wm-2

Eq. (3) Clear-sky, gross

SFC SW net clear-sky = 211.73

SFC LW down clear-sky = 317.48

SFC SW net + LW down = 529.21

2TOA LW, clear-sky = 532.02

ΔEq(3) = – 2.80 Wm-2

Eq. (4) All-sky, gross

SFC SW net all-sky = 163.57 

SFC LW down all-sky = 345.15

TOA LW, all-sky = 240.22

LWCRE = 25.79

SFC SW net +LW down, all = 508.72

2TOA LW + LWCRE = 506.22

ΔEq(4) = 2.50 Wm-2



Definitions and integer solution

SFC LW down clear-sky = SFC LW down all – LWCRE

TOA LW clear-sky = TOA LW all + LWCRE

LWCRE TOA = LWCRE SFC 

SFC LW up all-sky = SFC LW up clear-sky



Accuracy of the N positions, EBAF Ed4.1, 19 years

Eq. (1) 8 + (12 – 15) = 10/2 Eq. (3) 8 + 12 = 2 × 10

Eq. (2) 6 + (13 – 15) = (9 – 1)/2   Eq. (4) 6 + 13 = 2 × 9 + 1

Clear: SW+LW net  = OLR/2

211.73 =   8 × 26.68   – 1.71

317.48 = 12 × 26.68   – 2.68

398.46 = 15 × 26.68   – 1.74

130.75 =   5 × 26.68   – 2.65

133.00 =   5 × 26.68   – 0.40

ΔEq(1) =   – 2.25 Wm-2

Clear: SW net + LW down = 2OLR

211.73 =   8 × 26.68   – 1.71

317.48 = 12 × 26.68   – 2.68

529.21 = 20 × 26.68   – 4.39

532.02 = 20 × 26.68   – 1.58

ΔEq(3) = – 2.80 Wm-2

All: SW+LW net = (OLR-LWCRE)/2

163.57 =   6 × 26.68   + 3.47

345.15 = 13 × 26.68   – 1.69

398.64 = 15 × 26.68   – 1.56

240.22 =   9 × 26.68   + 0.10

25.79 =   1 × 26.68   – 0.89

110.05 =   4 × 26.68   + 3.33

107.21 =   4 × 26.68   + 0.47

ΔEq(2) =   2.84 Wm-2

All: SW net + LW down = 
2OLR + LWCRE

163.57 =   6 × 26.68   + 3.45

345.15 = 13 × 26.68   – 1.69

240.22 =   9 × 26.68   + 0.10

25.79 =   1 × 26.68   – 0.89

508.72 = 19 × 26.68   + 1.80

506.23 = 19 × 26.68   – 0.69

ΔEq(4) = 2.50 Wm-2



Accuracy of the Greenhouse Effect:
Theory and Observation

CERES EBAF Ed4.1, last 12 months

ULW = 15, OLR clr = 10 => G (clr) = 5 = 133.40 Wm-2 , G (all) = 6 = 160.08 Wm-2

Theory



Accuracy of the TOA fluxes
(clear-sky for total area, EBAF Ed4.1, 12/2000 – 11/2019)

TSI = 1360.68 51 N × UNIT CERES Diff

LW all-sky 36 / 4 240.12 240.22 -0.10

SW all-sky 15 / 4 100.05 99.06 0.99

LW clear-sky 40 / 4 266.80 266.01 0.79

SW clear-sky 8 / 4 53.36 53.74 -0.38

TOA LW CRE 4 / 4 26.68 25.79 0.89

TOA SW CRE -7 / 4 -46.69 -45.30 -1.39

TOA Net CRE -3 / 4 -20.01 -19.51 -0.50

Each flux is an integer on the intercepting cross-section disk

Eq. (5) TSI = 51 = 1360.68 Wm-2 => LWCRE = 1 = 26.68 Wm-2

Clear-sky: RSR =   8 ASR = 43 OLR = 40 IMB = 3
All-sky:     RSR = 15 ASR = 36 OLR = 36



Accuracy of the surface fluxes
(clear-sky for total area, EBAF Ed4.1, 12/2000 – 11/2019)

N N × UNIT CERES Diff Wm-2 

Clear-sky

LW down 12 320.16 317.48 2.68

LW up 15 400.20 398.46 1.74

SW net 8 213.44 211.73 1.71

All-sky

LW down 13 346.84 345.15 1.69

LW up 15 400.20 398.67 1.53

SW Net 6 160.08 163.57 -3.49

SFC SW net is not resolved into
downward and upward components



DLR (13) mean = 345.15

OLR (9) mean = 240.22

TSI = 1360.9 Wm-2 = 51 => 9 = 240.16 Wm-2

DLR(all-sky) = (13/9)OLR(all-sky) – 1.8 Wm-2

CERES EBAF Ed4.1, 19 years, 12/2000 – 11/2019

CERES EBAF Ed4.1, 19 years, 12/2000 – 11/2019

CO2

increased by

40 ppm

during these

two decades

Radiative 

forcing

balanced by

transfer

constraints

ULW = 

(15/9) OLR 

according to

transfer

equations

ULW –

(15/9) OLR 

= –1.70 Wm-2

according to

observation



TSI 1360.882 = 

51 (disk)

N

integer

Theory 

Wm-2

no adj

Wm-2

theory –
no adj

with ΔC

adjustment

theory –
ΔC adj

ISR 1360.882/4 51/4 340.22 340.0 0.22 340.0 0.22

Clear-

Sky

LW 40/4 266.84 268.1 -1.26 266.0 0.84

SW 8/4 53.37 53.3 0.07 53.8 -0.43

Net 3/4 20.01 18.6 1.41 20.3 -0.29

CRE

LW 4/4 26.68 27.9 -1.22 25.8 0.78

SW -7/4 -46.70 -45.8 -0.90 -45.3 -1.40

Net -3/4 -20.01 -17.9 -2.11 -19.6 -0.41

Surface

Clear-

Sky

LW down 12 320.21 313.9 6.31 317.5 2.71

LW up 15 400.26 397.6 2.66 398.5 1.76

LW Net -3 -80.05 -83.7 3.65 -81.0 0.95

SW Net 8 213.47 213.5 -0.03 211.7 1.77

SW+LW Net 5 133.42 129.8 3.62 130.7 2.72

Accuracy of the new clear-sky parameter: 

no adjustment and with ΔC adjustment



Accuracy of mean CERES LWCRE = 0.05 Wm-2

LWCRE Theory

1 = TSI / 51

= 1360.68/51
= 26.68 Wm-2

CERES – Theory:
0.05 Wm-2

Stephens

et al. (2012)

OLR all-sky LWCRE at TOA   OLR clear-sky
240.22 25.79 266.01

DLR all-sky LWCRE at surface DLR clear-sky
345.15 27.67 317.48

LWCRE CERES mean Theory
26.73 26.68



The Bluehouse Effect, detected by CERES

LW under
full control

SW under
partial control

Eq. (1) – (5): A theoretical steady state for our Aquaplanet



Summary and Conclusions
• Earth’s global energy budget is controlled by radiation transfer equations originated in 

Schwarzschild’s theory. Eq. (1) and (2) may be derived from first principles. 

• Each of the four equations is satisfied by two decades of CERES observations within 
± 3 Wm-2. Forcing and feedbacks are expected to act within these limits.

• The fundamental individual fluxes (both SW and LW) are within ±1 Wm-2.

• The accuracy of CERES data (fit to theory) is much better than indicated in DQS. 

• There are other constraints: the extension of the N system to total solar irradiance is 
unexpected, but extremely precise:

• Eq. (5)   LWCRE = 1 = TSI / 51 ± 0.01 Wm-2. 
LWCRE = 26.68 Wm-2 (SORCE TSI) or 26.69 Wm-2 (TSIS1) .

• Eq. (6)   2ASR = 2OLR + WIN – LWCRE is a valid equation as well
(not detailed here, see EGU2020 display).

• I expect ± 3 Wm-2 fluctuations around, but not systematic deviation from, 
the equilibrium positions in the forthcoming decades.

• Open questions: limits, tipping points, shifts, ice ages (albedo?)

Thank you CERES Science Team for the excellent work!
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