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Oscillations, wave transport & stochastic  

processes impact extreme’s and rainfall 

ENSO system: (Timmerman et al. , 2018) “warm pool heat advection 

processes have a key role in determining the long-term  memory..”. ENSO  

eigenmodes: ”operate not  far from criticality (zero growth rate) which 

implies that they can be easily excited by other processes.” 
 

Sahel Precipitation: (Nicholson, 2013)  

In the Tropical Easterly Jet (TEJ): 

“The core speed is anomalously high when  

annual rainfall is above average in the Sahel, 

anomalously low during dry years in the region”” 
 

What is the nature of the extremes?  

(Bruun and Evangelou, 2019) we use universal 

transport and extreme value theory, with  

       GEV shape parameter 𝝃(𝜅),  

        𝜅: system wave interaction type 

to show extreme’s abruptly alter with 𝜅 → 𝜅’.   

For: 𝝃 ≤ 𝟎 Thermalization & ergodic wave types. 

         𝝃 > 𝟎 Localization of waves.  
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Sahel: (GPCC analysis) long term 𝑓 𝐴𝑡𝑙𝑎𝑛𝑡𝑖𝑐 & 𝑇𝑟𝑒𝑛𝑑 and some 

ENSO signal (b: green) modulate rain climate 𝑓 𝑠 (c, d: black) 

Sahel 

Rainfall                 seasonal     anomaly inc. 

            extremes 

𝑃 𝒓, 𝑡 = exp {𝑓 𝑆 𝒓, 𝑡 + 𝛿𝑦 𝒓, 𝑡 } 
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𝐻𝑜 𝑊 : 𝑁 × 𝑁 Random Matrix,  𝜅: {localized, disordered chaotic, ballistic} wave interactions: 

  Localization (Anderson, 1958), 

  Wigner surmise (Wigner, 1955) disorder and universality, 

  Earth system transport (Delplace et al, 2017; Bruun et al, 2017), 

  RMT: (Evangelou and Pichard, 2000; Fyodorov and Simm, 2016).  
 

This approach has  𝑛 (large) ensembles to evaluate 𝑁 eigenmodes in 

the extreme limit (Bruun and Evangelou, 2019):  

𝑀𝑖,𝑁 

To understand Extreme’s large ensembles needed (1000+ , statistical mechanics)  

..so we use Random Matrix Theory (RMT) to represent the stochastic GCM’s 
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𝑅𝑁 𝐸 = |𝐷𝑁(𝐸)|2 − 1 Resistance (transport metric) 

𝑀𝑛 = {𝑀1,𝑁, 𝑀2,𝑁, … , 𝑀𝑛,𝑁} Ensemble of maxima 

𝑃𝑟  (𝑀
𝑛
−𝑏𝑛) / 𝑎𝑛   ≤ 𝑧 → 𝐺 𝑧 ,  𝑛 → ∞ Max-stable renormalisation limit law 
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= 𝐺𝐸𝑉(𝑧; 𝜇, 𝜎, 𝝃) 
Generalised Extreme Value process  

   shape parameter 𝝃 ≡   extreme type 

                                        & wave type 

Energy 𝐸 relationship (Hamiltonian)  Coupling and interaction types including topology 
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c) c) d) g(z) 

z 

Extreme process state transitions:     

GEV 

ensemble  

analysis 

Eigenvalue interaction   &        density Eigenvalue interaction     &              density 

𝜅: localized ↔ disordered chaotic 

Localized system: high stochastic/disorder 

no eigenvalue interaction, 

non-ergodic. Extremes (Fréchet type) 

a very heavy tailed process 

Disordered chaotic: moderate stochastic/disorder 

eigenvalue interaction (level repulsion) 

thermalization, ergodic inc topological/ ballistic waves 

Extremes: Weibull of Gumbel type: 
𝝃 > 𝟎 

𝝃 ≤ 𝟎 
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Precipitation extremes (Africa and SE Asia)  

Peak 𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑐𝑒2 

of ENSO & 𝑅𝑎𝑖𝑛 

1.5 to 6 yr band 

& significant 

Within Sahel: dry extreme 

shape 𝜉𝑀𝑖𝑛 directionally 

suggests 𝝃 > 𝟎 in West 

(Lake Chad area): is this 

evidence of Anthropocene 

induced localization? 
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Teleconnection ENSO influence (e.g. co-spectrum ENSO ~ Precipitation) via Tropical wave 

guide and mode locking properties: ITCZ over Sahel (Sahara heat low, Atlantic convection) 

and Asia (Tibetan plateau and Maritime Continent effects).  wet 

dry 

Sahel extremes g(z): 

wet and dry have GEV 

shape parameter 

 

 

so this implies a Weibull 

thermalized system  

(i.e. in equilibrium). Mean state 

𝝃 ≤ 𝟎 

g(z) 

Sahel: 

TEJ intensity also appears to be a mechanism. 
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Wave interaction type influences the occurrence of extremes   
 

Climate extremes: mostly Weibull type 𝝃 < 𝟎, an ergodic equilibrium state (thermalization).  
 

The ENSO periodic map is a Wigner surmise (interacting resonance  

eigenvalues) so has 𝝃 < 𝟎.  Do El-Niño’s initiate stochastically ?  

If so time between events 𝛿𝑡 will  

be a Poisson process: 

   

 

From 35 events (HadISST record)     

it does not look Poisson! Implies the  

process is both regular and stochastic 

and ergodic. 

 
  Random, stochastic and regular phenomena are intrinsic to Earth transport processes:  

wave interaction properties: topological, earth rotation, wave guides and analysis imply 

mosly 𝜉 𝜅 ≤ 0 which corresponds to ergodic phenomena, interacting eigenmodes and 

thermalization properties (equilibrium). 
 

Could localization wave properties occur in special cases?  𝝃 𝜿 > 𝟎 would indicate this 

        ….are we seeing this in the form of Anthropocene induced aridification for parts of Sahel? 
 

Abrupt transitions (an alteration of extreme process) can be monitored via 𝝃 𝜿 . 
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Red line: 3𝑛2 + 𝐼  periodic map  

Blue line: SOI frequency states 

(Bruun et al., 2017) 

𝑃 𝛿𝑡 ∝ exp −𝛿𝑡  
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