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Key Features of the Modelling Code
• 3D controlled-source electromagnetic (CSEM) modelling in frequency domain

• Using unstructured tetrahedral meshes of finite-elements

• First order Nédélec basis functions - vector edge interpolation functions [1]

• Dirichlet boundary conditions

• Model parameters: electric resistivity and magnetic permeability

• Calculation of the electric fields in an edge-based manner

• Curl-Curl-Equation for the electric field (E) with time dependency of eiωt:

∇× 1
µ
∇× E + iω

1
ρ
E = −iωJsource (1)

• Latest addition: goal-oriented adaptive mesh refinement

• Planned to be incorporated in the inversion framework EMILIA [2] as a 3D module

Refinement Approach
Dual weighting

• Dual problem formulation for CSEM modelling based on
Ren, 2013 [3]

• New: artificial influence source currents Jr of amplitude
r3, where r is the source-receiver distance

• Aim: equal weighting of the receivers in the goal-oriented
refinement

Relative error estimator

• Obtained from primary and dual solution

• Based on residuals r, face jumps in normal current density
J~n and face jumps in tangential magnetic fieldH ~n× (Ren,
2013 [3], Grayver & Kolev, 2015 [4])

• New: weighting based on local field amplitudes

• Aim: obtain an error estimator relative to the amplitude
of the local field generated by a controlled source

Refinement strategy

• Elements whose error estimators exceed a certain thresh-
old are refined

• Evaluation of the refinement using an average relative
global error estimate ηG & and an average relative error
estimate at the receivers ηR

• Low-quality (high q-value) starting mesh with few degrees
of freedom

• Successive & problem-specific increase of the mesh quality
during the refinement procedure

Refinement Validation
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Figure 1: A vertical cut at y= 0 km through the modelling domain.
The model contains an electric dipole source in the center, two inline
receivers and a conductive block anomaly.

starting mesh refined mesh
14799 dof 12613 ele 33381 dof 28582 ele

modelling parameters ref. termination criteria
frequencies 1 - 100 Hz max. dof 200 000
refinement frequency 100 Hz max. iterations 100
mesh quality factor 1.5 desired accuracy 0.01

. Refinement:

Figure 2: Initial and final elemental error esti-
mators are shown at a vertical slice at y = 0 km
through the centre region around the source and
receiver set-up. The color scale is valid for both
figures.

. Improved result after refinement:
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Figure 3: Ex component over frequency at the receiver at 500m distance to
the source midpoint. Shown is a reference solution calculated with custEM
[6], our FEM solution on the initial mesh and on the final mesh. The relative
deviations of the approximated solutions to the reference is shown in grey.
For both imaginary and real parts of the depicted component, we observe a
clear improvement of our FEM solution after the refinement.

Permeable Subsurface

Model:
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Figure 4: A vertical cut at y=
0 km through the modelling
domain. The model contains
an electric dipole source in the
center and 146 inline receivers.
The subsurface is a conductive
and permeable half space.

.

To find the optimal error estimator
for models with contrasts in electric
resistivity and magnetic permeability,
we run a few refinement steps for a homo-
geneous half space model discretised with
a low quality factor of 1.6 and investigate
the behaviour of the two average error
estimators ηG and ηR for three cases: the
approach based on residuals, face jumps
in normal current density and face jumps
in tangential magnetic field (rJH), the
error estimation approach based on only
face jumps in current density (J) and the
one based on residuals and face jumps in
current density (rJ).

The rJH approach causes both aver-
age error estimators to decrease most
continuously and results in the lowest
average error estimates after 12 refine-
ment steps.

. Behaviour of error estimates:
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Figure 5: Average relative error estimates over degrees
of freedom during a refinement procedure of 12 steps
with a constant quality factor. Top panel: average rel-
ative global error estimate ηG. Bottom panel: average
relative error estimate at receivers ηR.

Ore Body Model

Model:

Y – Northing [km]

Z
 –

 D
ep

th
 [k

m
]

X
 –

 E
as

tin
g 

[k
m

]

-235 m

680 m

discretised with FacetModeller 
(Lelièvre et al. 2018) 

Figure 6: Shape of the orebodies obtained by borehole
data [8] discretised with finite elements using tetgen [5]
and FacetModeller [7].

Model dimensions: 60 x 60 x 60 km3

Degrees of freedom: ca. 1 Mio.
Hostrock: ρ = 10000 Ωm, µr = 1.0
Ore bodies: ρ = 10/100/1000 Ωm, µr = 1.3
Source: extended HED x & y-polarisation, 10 A
Receivers: distributed around the ore body location
Frequencies : 100 Hz - 10 kHz

.

Refinement without volume constraints:
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Figure 7: Distribution of elemental volume for the
initial mesh (top) and the medium sized mesh after
refinement with q = 1.6 (bottom) without imposing
volume constrains within the ore bodies. The view
plane is a vertical slice through the domain at x =
2230m.

.

Refining a model with detailed sub-
surface anomalies as the ore bodies is
challenging.

As a result of an internal setting of the
mesh generator, that ensures to fulfill
certain tolerance thresholds regarding
the coplanarity of vertices, excessive
refinement takes place at the surface
of the anomaly (Figure 7) .

We thus enforce small elements in the
ore bodies in the initial mesh (Figure 8
top) and run 10 refinement steps, each
with a q-value increasing by 0.05 and
an accordingly chosen vertex coplanarity
tolerance value.

This adds a global refinement compo-
nent to the goal-oriented one and results
in less refinement steps and a reason-
able refinement behaviour: The region
around the source, the receivers and the
anomaly is refined (Figure 8 bottom).

.

Refinement with volume constraints:
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Figure 8: Distribution of elemental volume for the
initial mesh (top) and the medium sized mesh after
refinement with q = 1.6 (bottom) imposing volume
constrains within the ore bodies. The view plane is
a vertical slice through the domain at x = 2230m.
The color scale is the same as in Figure 7. Receiver
locations are marked with red triangles.

. .

Detectability

Figure 9: Amplitudes and phases of the
strongest field components at a receiver above
the ore bodies for the homogeneous half space
model and three different ore body resistivity
scenarios.

Detectability: anomalies are numerically
detectable with the planned measurement
setup. Ambient noise amplitudes at the
CSEM frequencies in the measurement
area are needed to make meaningful state-
ments about the detectability with real
measurements.
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1D FHT hhs
3D FE hhs
3D FE bodies 1000 m

3D FE bodies 100 m
3D FE bodies 10 m
absolute numeric error hhs
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