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There is evidence for tipping points in the climate 
system, but what is the risk for tipping cascades 

due to interactions?
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Interactions between climate tipping elements:  
start with stylised modelling, because current Earth 

system model do not capture this well or are too slow
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of 1–4  °C of global warming2,28–30. Given the large uncertainties, 
expert elicitation1,3,31,32 has also been used to quantify and combine 
the subjective judgements of experts regarding the proximity of 
different climate tipping points. Even with the most conservative 
assumptions, the results3 suggest it is more likely than not that at 
least one of five tipping points considered will be passed in a >4 °C 
warmer world. 

So, can the proximity of individual thresholds be more accurately 
tied down? Without a precise past analogue of future climate change, 
predictive models are needed. However, weaknesses of recent global 
climate models limit their usefulness in this context. First, some 
potential tipping elements, for example, large ice sheets, have been 
missing from global coupled models. Second, even specific models 
of, for example, ice sheets, have been missing key processes and 
feedbacks that could generate nonlinear dynamics33. Third, at the 
regional scales of interest here, global models have been poor at 
capturing some tipping elements, for example, the West African 
monsoon34, and even among those few models that have captured 
its present pattern, future predictions diverge in sign34 (let alone 
magnitude). Fourth, for some well-studied tipping elements, for 
example, the Atlantic THC, models seem to be systematically 
biased with respect to data regarding its stability regime35. Also, 
where the joint uncertainties of a model and data have been 
formally combined, for example, for the Atlantic THC, the resulting 

uncertainty in tipping threshold (or lack of it) is large36. Finally, no 
model used for future projection has yet been able to simulate the 
most abrupt shifts in the palaeoclimate record. Although several of 
these issues are being addressed, given the current limitations of 
climate models, interest has grown in statistically based methods of 
directly diagnosing proximity to a tipping point.

Predictability and early warnings
The trigger of any future climate tipping point is likely to involve 
some combination of natural variability on top of an underlying 
forcing due to human activities. This suggests a probabilistic 
approach to forecasting is most appropriate, based on a paradigm 
where short-term variability in the climate system is characterized 
as a stochastic process (‘noise’) interacting with longer-term 
deterministic dynamics37. For a given abrupt change, the balance 
of deterministic and stochastic (random) processes driving it will 
determine its predictability. This can be highlighted by the following 
two, idealized, limiting cases (Fig.  1), although in reality, steady 
forcing and noise are both likely to play a role in tipping  phenomena.

Bifurcations. Slow forcing past a bifurcation point (Fig. 1a) fits the 
definition1 of a tipping point (Box 1) and shows greatest promise 
for early warning. In general (and nearly universally38), as a system 
approaches a bifurcation point where its current state (or mode of 
variability) becomes unstable, and it switches to some other state 
(or mode), one can expect to see it become more sluggish in its 
response to small perturbations5,6,8,39,40. This can be visualized for a 
system in a potential well that is getting shallower as it approaches 
a saddle-node bifurcation (Fig.  2); the ball representing the pre-
sent state of the system, rolls back ever slower from perturbations, 
as bifurcation is approached. Mathematically, for systems that are 
gradually approaching a bifurcation point in their equilibrium 
solutions, the leading eigenvalue tends towards zero, indicating 
a tendency towards infinitely slow recovery from perturbations. 
This phenomenon — termed ‘critical slowing down’ in dynamical 
systems theory  — is widely known6,41, but has only recently been 
applied to climate dynamics7,8. 

Slowing down causes the intrinsic rates of change in a system 
to decrease, and therefore the state of the system at any given 
moment should become more like its past state. This increase in 
memory can be measured in a variety of ways. As slowing down 
occurs, time-series data becomes more correlated with itself 
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Figure 1 | Two sources of abrupt change. a, Bifurcation, where a small 
change in forcing (δρ) past a critical threshold ρcrit causes a large, nonlinear 
change in system state (ΔF) (thus meeting the tipping point definition in 
Box 1). b, Noise-induced transition, where internal short-term variability 
(δF) passing an unstable steady state Fcrit causes a large, nonlinear change 
in system state (ΔF) without any change in forcing control (ρ). Solid lines 
are stable steady states, dashed lines are unstable steady states.

The phrase ‘tipping point’ captures the colloquial notion that ‘little 
things can make a big difference’81, that is, at a particular moment 
in time, a small change can have large, long-term consequences 
for a system. The term ‘tipping element’ was introduced1 to 
describe large-scale subsystems (or components) of the Earth 
system that can be switched — under certain circumstances — 
into a qualitatively different state by small perturbations. These 
must be at least sub-continental in scale (length scale of order 
~1,000  km). The tipping point is the corresponding critical 
point — in forcing and a feature of the system — at which the 
future state of the system is qualitatively altered. To define this, 
it must be possible to identify a single control parameter (ρ), for 
which there exists a critical control value (ρcrit), from which a 
small perturbation (δρ > 0) leads to a qualitative change (F) in 
a crucial feature of the system (F), after some observation time 
(T > 0). The actual change (ΔF) is measured with respect to a 
reference state of the feature at the critical value:

In this definition, the critical threshold (ρcrit) is the tipping 
point, beyond which a qualitative change occurs, and the change 
may occur immediately after the cause or much later.

The subset of ‘policy-relevant’ tipping elements is defined1 by 
the following (additional) conditions. (1) Human activities are 
interfering with the system such that decisions taken within a 
‘political time horizon’ (TP ~100 years) can determine whether 
the tipping point (ρcrit) is crossed. If it is crossed, (2) the time 
to observe a qualitative change (including the time to trigger 
it) lies within an ‘ethical time horizon’ (TE ~1,000 years). (3) A 
significant number of people care about the fate of the system 
because either it contributes significantly to the overall mode of 
operation of the Earth system, or it contributes significantly to 
human welfare, or it has great value in itself as a unique feature 
of the biosphere.

Box 1 | Defining climate tipping points

  F(ρ ≥ ρcrit + δρ T) – F(ρcrit T) ≥ F > 0∆F = 
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expert elicitation1,3,31,32 has also been used to quantify and combine 
the subjective judgements of experts regarding the proximity of 
different climate tipping points. Even with the most conservative 
assumptions, the results3 suggest it is more likely than not that at 
least one of five tipping points considered will be passed in a >4 °C 
warmer world. 

So, can the proximity of individual thresholds be more accurately 
tied down? Without a precise past analogue of future climate change, 
predictive models are needed. However, weaknesses of recent global 
climate models limit their usefulness in this context. First, some 
potential tipping elements, for example, large ice sheets, have been 
missing from global coupled models. Second, even specific models 
of, for example, ice sheets, have been missing key processes and 
feedbacks that could generate nonlinear dynamics33. Third, at the 
regional scales of interest here, global models have been poor at 
capturing some tipping elements, for example, the West African 
monsoon34, and even among those few models that have captured 
its present pattern, future predictions diverge in sign34 (let alone 
magnitude). Fourth, for some well-studied tipping elements, for 
example, the Atlantic THC, models seem to be systematically 
biased with respect to data regarding its stability regime35. Also, 
where the joint uncertainties of a model and data have been 
formally combined, for example, for the Atlantic THC, the resulting 
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where short-term variability in the climate system is characterized 
as a stochastic process (‘noise’) interacting with longer-term 
deterministic dynamics37. For a given abrupt change, the balance 
of deterministic and stochastic (random) processes driving it will 
determine its predictability. This can be highlighted by the following 
two, idealized, limiting cases (Fig.  1), although in reality, steady 
forcing and noise are both likely to play a role in tipping  phenomena.

Bifurcations. Slow forcing past a bifurcation point (Fig. 1a) fits the 
definition1 of a tipping point (Box 1) and shows greatest promise 
for early warning. In general (and nearly universally38), as a system 
approaches a bifurcation point where its current state (or mode of 
variability) becomes unstable, and it switches to some other state 
(or mode), one can expect to see it become more sluggish in its 
response to small perturbations5,6,8,39,40. This can be visualized for a 
system in a potential well that is getting shallower as it approaches 
a saddle-node bifurcation (Fig.  2); the ball representing the pre-
sent state of the system, rolls back ever slower from perturbations, 
as bifurcation is approached. Mathematically, for systems that are 
gradually approaching a bifurcation point in their equilibrium 
solutions, the leading eigenvalue tends towards zero, indicating 
a tendency towards infinitely slow recovery from perturbations. 
This phenomenon — termed ‘critical slowing down’ in dynamical 
systems theory  — is widely known6,41, but has only recently been 
applied to climate dynamics7,8. 
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change in system state (ΔF) (thus meeting the tipping point definition in 
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The phrase ‘tipping point’ captures the colloquial notion that ‘little 
things can make a big difference’81, that is, at a particular moment 
in time, a small change can have large, long-term consequences 
for a system. The term ‘tipping element’ was introduced1 to 
describe large-scale subsystems (or components) of the Earth 
system that can be switched — under certain circumstances — 
into a qualitatively different state by small perturbations. These 
must be at least sub-continental in scale (length scale of order 
~1,000  km). The tipping point is the corresponding critical 
point — in forcing and a feature of the system — at which the 
future state of the system is qualitatively altered. To define this, 
it must be possible to identify a single control parameter (ρ), for 
which there exists a critical control value (ρcrit), from which a 
small perturbation (δρ > 0) leads to a qualitative change (F) in 
a crucial feature of the system (F), after some observation time 
(T > 0). The actual change (ΔF) is measured with respect to a 
reference state of the feature at the critical value:

In this definition, the critical threshold (ρcrit) is the tipping 
point, beyond which a qualitative change occurs, and the change 
may occur immediately after the cause or much later.

The subset of ‘policy-relevant’ tipping elements is defined1 by 
the following (additional) conditions. (1) Human activities are 
interfering with the system such that decisions taken within a 
‘political time horizon’ (TP ~100 years) can determine whether 
the tipping point (ρcrit) is crossed. If it is crossed, (2) the time 
to observe a qualitative change (including the time to trigger 
it) lies within an ‘ethical time horizon’ (TE ~1,000 years). (3) A 
significant number of people care about the fate of the system 
because either it contributes significantly to the overall mode of 
operation of the Earth system, or it contributes significantly to 
human welfare, or it has great value in itself as a unique feature 
of the biosphere.

Box 1 | Defining climate tipping points

  F(ρ ≥ ρcrit + δρ T) – F(ρcrit T) ≥ F > 0∆F = 
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II.2 Ein konzeptionelles Modell generalisierter Kippelemente 

Gegeben sei ein System bestehend aus 𝑛 Subsystemen. Jedes Subsystem (𝑖) 𝑋𝑖, 𝑖 =

1, … , 𝑛 stellt ein Kippelement dar und geht bei Überschreiten eines Schwellenwer-

tes in einen qualitativ anderen Zustand über.  

 Die Dynamik der Subsysteme soll durch die Normalform der Cusp-Katastro-

phe (II.1.5) beschrieben werden. Bei vielen gut untersuchten Beispielen aus der 

Ökologie (Scheffer et al., 2001) und dem Klimasystem kann ein kritischer Über-

gang in einen qualitativ anderen Zustand durch eine Sattel-Knoten-Bifurkation cha-

rakterisiert werden (Thompson & Sieber, 2011). Die Kippelemente zeigen ein s-

förmiges Bifurkationsdiagramm mit ein oder drei Equilibria (Brummitt et al., 2015) 

und können daher mit Hilfe eines Abschnittes der Cusp-Katastrophe generalisiert 

dargestellt werden. Wird ein Kippelement durch die Normalform der Cusp-Kata-

strophe dargestellt, geht das System durch das Überschreiten eines kritischen Kon-

trollparameterwertes in Form des Bifurkationspunktes einer Sattel-Knoten-Bifur-

kation in einen qualitativ anderen Zustand über. Die Einschränkung des Begriffes 

des Kipppunktes durch die Gleichsetzung mit einer Bifurkation wurde bereits in I.2 

thematisiert.  

 Die Subsysteme sind gekoppelt durch eine Kopplungsfunktion 𝐶. Dies ermög-

licht die Untersuchung der Interaktion zwischen Kippelementen und die Auswir-

kungen der Interaktion auf das Systemverhalten. 

 Das 𝑖-te Subsystem entwickelt sich gemäß  

 𝜕𝑥𝑖
𝜕𝑡

= 𝑎𝑖𝑥𝑖 − 𝑥𝑖
3 + 𝑐𝑖 + 𝐶𝑖(𝑥1, … , 𝑥𝑖−1, 𝑥𝑖+1, … , 𝑥𝑛) (2.29) 

Dabei soll zunächst 𝑎𝑖 = 1 gelten. Das Bifurkationsdiagramm eines einzelnen Sub-

systems mit 𝐶𝑖 = 0 entspricht dem in Abb. 6 dargestellten. 
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Abb. 6: Bifurkationsdiagramm eines ungekoppelten, generalisierten Kippelementes 

𝑋𝑖 gegeben durch (2.29) mit 𝐶𝑖 = 0 für 𝑎𝑖 = 1. Das Subsystem hat in Abhängigkeit 

von dem Kontrollparameter 𝑐 ein oder drei Equilibria 𝑥∗. Stabile Equilibria sind 

gekennzeichnet durch orangene Punkte, instabile Equilibria durch rote Punkte. 

Überschreitet der Kontrollparameter den kritischen Wert und Bifurkationspunkt ei-

ner Sattel-Knoten-Bifurkation 𝑐𝑘𝑟𝑖𝑡 kann ein kritischer Übergang von dem stabilen 

Equilibrium des unteren Astes des Bifurkationsdiagramms 𝑥∗ < 0 in das stabile 

Equilibrium des oberen Astes 𝑥∗ > 0 stattfinden. Das stabile Equilibrium des obe-

ren Astes entspricht dem unerwünschten Zustand des betrachteten Systems.  
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of 1–4  °C of global warming2,28–30. Given the large uncertainties, 
expert elicitation1,3,31,32 has also been used to quantify and combine 
the subjective judgements of experts regarding the proximity of 
different climate tipping points. Even with the most conservative 
assumptions, the results3 suggest it is more likely than not that at 
least one of five tipping points considered will be passed in a >4 °C 
warmer world. 

So, can the proximity of individual thresholds be more accurately 
tied down? Without a precise past analogue of future climate change, 
predictive models are needed. However, weaknesses of recent global 
climate models limit their usefulness in this context. First, some 
potential tipping elements, for example, large ice sheets, have been 
missing from global coupled models. Second, even specific models 
of, for example, ice sheets, have been missing key processes and 
feedbacks that could generate nonlinear dynamics33. Third, at the 
regional scales of interest here, global models have been poor at 
capturing some tipping elements, for example, the West African 
monsoon34, and even among those few models that have captured 
its present pattern, future predictions diverge in sign34 (let alone 
magnitude). Fourth, for some well-studied tipping elements, for 
example, the Atlantic THC, models seem to be systematically 
biased with respect to data regarding its stability regime35. Also, 
where the joint uncertainties of a model and data have been 
formally combined, for example, for the Atlantic THC, the resulting 

uncertainty in tipping threshold (or lack of it) is large36. Finally, no 
model used for future projection has yet been able to simulate the 
most abrupt shifts in the palaeoclimate record. Although several of 
these issues are being addressed, given the current limitations of 
climate models, interest has grown in statistically based methods of 
directly diagnosing proximity to a tipping point.

Predictability and early warnings
The trigger of any future climate tipping point is likely to involve 
some combination of natural variability on top of an underlying 
forcing due to human activities. This suggests a probabilistic 
approach to forecasting is most appropriate, based on a paradigm 
where short-term variability in the climate system is characterized 
as a stochastic process (‘noise’) interacting with longer-term 
deterministic dynamics37. For a given abrupt change, the balance 
of deterministic and stochastic (random) processes driving it will 
determine its predictability. This can be highlighted by the following 
two, idealized, limiting cases (Fig.  1), although in reality, steady 
forcing and noise are both likely to play a role in tipping  phenomena.

Bifurcations. Slow forcing past a bifurcation point (Fig. 1a) fits the 
definition1 of a tipping point (Box 1) and shows greatest promise 
for early warning. In general (and nearly universally38), as a system 
approaches a bifurcation point where its current state (or mode of 
variability) becomes unstable, and it switches to some other state 
(or mode), one can expect to see it become more sluggish in its 
response to small perturbations5,6,8,39,40. This can be visualized for a 
system in a potential well that is getting shallower as it approaches 
a saddle-node bifurcation (Fig.  2); the ball representing the pre-
sent state of the system, rolls back ever slower from perturbations, 
as bifurcation is approached. Mathematically, for systems that are 
gradually approaching a bifurcation point in their equilibrium 
solutions, the leading eigenvalue tends towards zero, indicating 
a tendency towards infinitely slow recovery from perturbations. 
This phenomenon — termed ‘critical slowing down’ in dynamical 
systems theory  — is widely known6,41, but has only recently been 
applied to climate dynamics7,8. 

Slowing down causes the intrinsic rates of change in a system 
to decrease, and therefore the state of the system at any given 
moment should become more like its past state. This increase in 
memory can be measured in a variety of ways. As slowing down 
occurs, time-series data becomes more correlated with itself 
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Figure 1 | Two sources of abrupt change. a, Bifurcation, where a small 
change in forcing (δρ) past a critical threshold ρcrit causes a large, nonlinear 
change in system state (ΔF) (thus meeting the tipping point definition in 
Box 1). b, Noise-induced transition, where internal short-term variability 
(δF) passing an unstable steady state Fcrit causes a large, nonlinear change 
in system state (ΔF) without any change in forcing control (ρ). Solid lines 
are stable steady states, dashed lines are unstable steady states.

The phrase ‘tipping point’ captures the colloquial notion that ‘little 
things can make a big difference’81, that is, at a particular moment 
in time, a small change can have large, long-term consequences 
for a system. The term ‘tipping element’ was introduced1 to 
describe large-scale subsystems (or components) of the Earth 
system that can be switched — under certain circumstances — 
into a qualitatively different state by small perturbations. These 
must be at least sub-continental in scale (length scale of order 
~1,000  km). The tipping point is the corresponding critical 
point — in forcing and a feature of the system — at which the 
future state of the system is qualitatively altered. To define this, 
it must be possible to identify a single control parameter (ρ), for 
which there exists a critical control value (ρcrit), from which a 
small perturbation (δρ > 0) leads to a qualitative change (F) in 
a crucial feature of the system (F), after some observation time 
(T > 0). The actual change (ΔF) is measured with respect to a 
reference state of the feature at the critical value:

In this definition, the critical threshold (ρcrit) is the tipping 
point, beyond which a qualitative change occurs, and the change 
may occur immediately after the cause or much later.

The subset of ‘policy-relevant’ tipping elements is defined1 by 
the following (additional) conditions. (1) Human activities are 
interfering with the system such that decisions taken within a 
‘political time horizon’ (TP ~100 years) can determine whether 
the tipping point (ρcrit) is crossed. If it is crossed, (2) the time 
to observe a qualitative change (including the time to trigger 
it) lies within an ‘ethical time horizon’ (TE ~1,000 years). (3) A 
significant number of people care about the fate of the system 
because either it contributes significantly to the overall mode of 
operation of the Earth system, or it contributes significantly to 
human welfare, or it has great value in itself as a unique feature 
of the biosphere.

Box 1 | Defining climate tipping points

  F(ρ ≥ ρcrit + δρ T) – F(ρcrit T) ≥ F > 0∆F = 
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of 1–4  °C of global warming2,28–30. Given the large uncertainties, 
expert elicitation1,3,31,32 has also been used to quantify and combine 
the subjective judgements of experts regarding the proximity of 
different climate tipping points. Even with the most conservative 
assumptions, the results3 suggest it is more likely than not that at 
least one of five tipping points considered will be passed in a >4 °C 
warmer world. 

So, can the proximity of individual thresholds be more accurately 
tied down? Without a precise past analogue of future climate change, 
predictive models are needed. However, weaknesses of recent global 
climate models limit their usefulness in this context. First, some 
potential tipping elements, for example, large ice sheets, have been 
missing from global coupled models. Second, even specific models 
of, for example, ice sheets, have been missing key processes and 
feedbacks that could generate nonlinear dynamics33. Third, at the 
regional scales of interest here, global models have been poor at 
capturing some tipping elements, for example, the West African 
monsoon34, and even among those few models that have captured 
its present pattern, future predictions diverge in sign34 (let alone 
magnitude). Fourth, for some well-studied tipping elements, for 
example, the Atlantic THC, models seem to be systematically 
biased with respect to data regarding its stability regime35. Also, 
where the joint uncertainties of a model and data have been 
formally combined, for example, for the Atlantic THC, the resulting 

uncertainty in tipping threshold (or lack of it) is large36. Finally, no 
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gradually approaching a bifurcation point in their equilibrium 
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This phenomenon — termed ‘critical slowing down’ in dynamical 
systems theory  — is widely known6,41, but has only recently been 
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Slowing down causes the intrinsic rates of change in a system 
to decrease, and therefore the state of the system at any given 
moment should become more like its past state. This increase in 
memory can be measured in a variety of ways. As slowing down 
occurs, time-series data becomes more correlated with itself 

System feature (F) System feature (F)
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ρcrit
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a b

Figure 1 | Two sources of abrupt change. a, Bifurcation, where a small 
change in forcing (δρ) past a critical threshold ρcrit causes a large, nonlinear 
change in system state (ΔF) (thus meeting the tipping point definition in 
Box 1). b, Noise-induced transition, where internal short-term variability 
(δF) passing an unstable steady state Fcrit causes a large, nonlinear change 
in system state (ΔF) without any change in forcing control (ρ). Solid lines 
are stable steady states, dashed lines are unstable steady states.

The phrase ‘tipping point’ captures the colloquial notion that ‘little 
things can make a big difference’81, that is, at a particular moment 
in time, a small change can have large, long-term consequences 
for a system. The term ‘tipping element’ was introduced1 to 
describe large-scale subsystems (or components) of the Earth 
system that can be switched — under certain circumstances — 
into a qualitatively different state by small perturbations. These 
must be at least sub-continental in scale (length scale of order 
~1,000  km). The tipping point is the corresponding critical 
point — in forcing and a feature of the system — at which the 
future state of the system is qualitatively altered. To define this, 
it must be possible to identify a single control parameter (ρ), for 
which there exists a critical control value (ρcrit), from which a 
small perturbation (δρ > 0) leads to a qualitative change (F) in 
a crucial feature of the system (F), after some observation time 
(T > 0). The actual change (ΔF) is measured with respect to a 
reference state of the feature at the critical value:

In this definition, the critical threshold (ρcrit) is the tipping 
point, beyond which a qualitative change occurs, and the change 
may occur immediately after the cause or much later.

The subset of ‘policy-relevant’ tipping elements is defined1 by 
the following (additional) conditions. (1) Human activities are 
interfering with the system such that decisions taken within a 
‘political time horizon’ (TP ~100 years) can determine whether 
the tipping point (ρcrit) is crossed. If it is crossed, (2) the time 
to observe a qualitative change (including the time to trigger 
it) lies within an ‘ethical time horizon’ (TE ~1,000 years). (3) A 
significant number of people care about the fate of the system 
because either it contributes significantly to the overall mode of 
operation of the Earth system, or it contributes significantly to 
human welfare, or it has great value in itself as a unique feature 
of the biosphere.

Box 1 | Defining climate tipping points

  F(ρ ≥ ρcrit + δρ T) – F(ρcrit T) ≥ F > 0∆F = 
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III. Ergebnisse 

Im Folgenden sollen die Ergebnisse der Analyse generalisierter Kippelemente und 

ihrer Interaktion mit Hilfe des in II.2 beschriebenen Modells vorgestellt werden. 

Das Systemverhalten wurde für verschiedene Strukturen und Kopplungsarten mit-

tels Stabilitätskarten und Phasenraumportraits zur Charakterisierung der qualitativ 

verschiedenen Bereiche und Identifikation kritischer Übergänge unter Nutzung der 

in II.1 vorgestellten Konzepte untersucht (II.2).  

In III.1 wird die analytische Lösung eines Systems bestehend aus zwei Kippele-

menten mit einer unidirektionalen Wechselwirkung vorgestellt. Ausgehend von 

dieser analytischen Untersuchung lassen sich im Folgenden als „Kippregeln“ be-

zeichnete Verhaltensmuster ableiten (III.2). Beispielhaft erfolgt die Anwendung 

dieser Kippregeln auf das Verhalten eines Master-Slave Systems im Vergleich mit 

den Ergebnissen der numerischen Simulationen des Systems (III.2.1-III.2.2). An-

schließend wird in III.3 das Verhalten ausgewählter Systeme interagierender Kipp-

elemente anhand der in II.3 beschriebenen realweltlichen Beispiele vorgestellt und 

mittels Stabilitätskarten und Darstellungen der kritischen Übergänge verdeutlicht.  

 

III.1 Analytische Lösung eines Systems aus zwei Kippelementen 

mit unidirektionaler Wechselwirkung  

Gegeben sei das folgende System zweier generalisierter, durch die Kopplungs-

funktionen 𝐶𝑥1 und 𝐶𝑥2 miteinander verbundener Kippelemente (1) und (2)  

𝜕𝑥1
𝜕𝑡

=  𝑥1 − 𝑥1
3 +  𝑐1 +  𝐶𝑥1

(𝑥2, 𝑥1) (1) (3.1) 

𝜕𝑥2
𝜕𝑡

=  𝑥2 − 𝑥2
3 +  𝑐2 +  𝐶𝑥2

(𝑥1, 𝑥2) (2) (3.2) 

Das asymptotische Verhalten des gegebenen Systems soll analytisch für die Kopp-

lungsfunktionen  

𝐶𝑥1
(𝑥2, 𝑥1) = 0 (3.3) 

𝐶𝑥2
(𝑥1, 𝑥2) =  𝑑2𝑥1 (3.4) 

X1 X2
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Abb. 13: Phasenraumportrait in Abhängigkeit von den Kontrollparametern 𝑐1 und 

𝑐2 für 𝑋1 → 𝑋2 mit einer geringen Kopplungsstärke 𝑑2 = 0,2. Stabile Fixpunkte 

sind in Gelb, instabile Fixpunkte in Rot dargestellt. Die Farbe gibt die normierte 

Geschwindigkeit 𝑣 =  √𝑥1
2 + 𝑥2

2 𝑣𝑚𝑎𝑥⁄  von langsam (lila) bis schnell (gelbgrün) 

an. 
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51 

         0 =  1
4

(𝑐2 +  𝑑2𝑥1
∗)2 − 1

27
 (3.31) 

        4
27

= (𝑐2 +  𝑑2𝑥1
∗)2 (3.32)  

 ±√ 4
27

=  𝑐2 + 𝑑2𝑥1
∗ (3.33)  

       𝑐2 =  − 𝑑2𝑥1
∗ ± √ 4

27
 mit 𝑥1

∗ = 𝑥1
∗(𝑐1) (3.34)  

Die Anzahl der Lösungen von (3.25) ändert sich somit, wenn  

 ±√ 4
27

= 𝑐2 +  𝑑2𝑥1
∗ (3.35)  

gilt.  

Für −√ 4 27⁄  − 𝑑2𝑥1
∗ < 𝑐2 <  √ 4 27⁄  − 𝑑2𝑥1

∗ hat Subsystem (2) einen Fix-

punkt, für 𝑐2 < −√ 4 27⁄  − 𝑑2𝑥1
∗  und 𝑐2 > +√ 4 27⁄  − 𝑑2𝑥1

∗  hat Subsystem 

(2) drei Fixpunkte (Abb. 11).  

 

Abb. 11: Diskriminante 𝐷2 (3.30) in Abhängigkeit von dem Kontrollparameter 𝑐2. 

Je nach Größe der Kopplungsstärke 𝑑2 und des Fixpunktes 𝑥1
∗ von Subsystem (1) 

verschiebt sich der Wert des effektiven kritischen Kontrollparameters 𝑐2𝑘𝑟𝑖𝑡, bei 

dem (3.25) drei oder eine reelle Lösung hat. Damit verschiebt sich auch die darge-

stellte Parabel.  
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Coupling functions:

Effective tipping points c2:
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III.3.1 Der grönländische Eisschild und die thermohaline Ozeanzirkulation: 

Bidirektionale Wechselwirkung zweier Kippelemente  

Gegeben sei das durch (3.1) und (3.2) beschriebene System zweier Kippelemente 

𝑋1
→
←𝑋2 mit einer bidirektionalen Kopplung. Die Kopplungsfunktionen 𝐶𝑥1 und 𝐶𝑥2 

sind gegeben durch  

𝐶𝑥1
(𝑥2, 𝑥1) = 𝑑1𝑥2  (3.53) 

𝐶𝑥2
(𝑥1, 𝑥2) = 𝑑2𝑥1 (3.54) 

mit 𝑑1 < 0 und 𝑑2 > 0.  

Das Verhalten von Subsystem (1) und Subsystem (2) ist abhängig von dem entspre-

chenden Kontrollparameter 𝑐𝑖 mit 𝑖 = 1, 2 und wird gleichzeitig beeinflusst durch 

die Kopplungsstärke 𝑑𝑖 mit 𝑖 = 1, 2 sowie durch den Zustand des jeweils anderen 

Subsystems.  

 Es lässt sich übertragen auf die Wechselwirkung des Grönländischen Eisschildes 

𝑋1 und der thermohalinen Ozeanzirkulation 𝑋2 (Tab. 5). Die physikalischen Me-

chanismen, die zur Interaktion der Kippelemente des Klimasystems beitragen, so-

wie die Kontrollparameter dieser Kippelemente sind in II.3.2 beschrieben.  

 Das mögliche Verhalten eines solchen Systems soll sowohl bei niedriger Kopp-

lungsstärke (Abb. 16; grüner, durchgezogener Rahmen) als auch bei hoher Kopp-

lungsstärke (Abb. 16; grüner, gestrichelter Rahmen) beschrieben werden. Damit ist 

eine Aussage über die Auswirkungen einer Kopplung auf das Kippverhalten der 

beiden Kippelemente des Klimasystems möglich.  

Klose et al. (in review), arXiv:1910.12042, 
EGU2020-4490
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Abb. 17: Übersicht der möglichen kritischen Übergänge in einem System von zwei 

Kippelementen mit bidirektionaler Kopplung 𝑋1
→
←𝑋2 in Abhängigkeit von den 

Kontrollparametern 𝑐1 und 𝑐2 mit 𝑑1 < 0 und 𝑑2 > 0 bei |𝑑1|  ≈  |𝑑2| und geringer 

Kopplungsstärke.  Darstellungen wie in Abb. 14. Die dargestellten kritischen Über-

gänge basieren auf dem Phasenfluss des gegebenen Systems bei |𝑑1| =  |𝑑2| = 0,2. 

Bei leichter Erhöhung beider Kontrollparameter 𝑐1 und 𝑐2 kommt es bei der Kom-

bination einer positiven und negativen Kopplung zu einem Dominoeffekt mit kriti-

schen Übergängen in Subsystem (1) und (2), auch wenn 𝑐1 < 𝑐1𝑘𝑟𝑖𝑡 und 𝑐2 < 𝑐2𝑘𝑟𝑖𝑡 

gilt.  
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Coupling functions:
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III.3.1 Der grönländische Eisschild und die thermohaline Ozeanzirkulation: 

Bidirektionale Wechselwirkung zweier Kippelemente  
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𝑋1
→
←𝑋2 mit einer bidirektionalen Kopplung. Die Kopplungsfunktionen 𝐶𝑥1 und 𝐶𝑥2 
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chenden Kontrollparameter 𝑐𝑖 mit 𝑖 = 1, 2 und wird gleichzeitig beeinflusst durch 

die Kopplungsstärke 𝑑𝑖 mit 𝑖 = 1, 2 sowie durch den Zustand des jeweils anderen 

Subsystems.  

 Es lässt sich übertragen auf die Wechselwirkung des Grönländischen Eisschildes 

𝑋1 und der thermohalinen Ozeanzirkulation 𝑋2 (Tab. 5). Die physikalischen Me-

chanismen, die zur Interaktion der Kippelemente des Klimasystems beitragen, so-

wie die Kontrollparameter dieser Kippelemente sind in II.3.2 beschrieben.  

 Das mögliche Verhalten eines solchen Systems soll sowohl bei niedriger Kopp-

lungsstärke (Abb. 16; grüner, durchgezogener Rahmen) als auch bei hoher Kopp-

lungsstärke (Abb. 16; grüner, gestrichelter Rahmen) beschrieben werden. Damit ist 

eine Aussage über die Auswirkungen einer Kopplung auf das Kippverhalten der 

beiden Kippelemente des Klimasystems möglich.  
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chanismen, die zur Interaktion der Kippelemente des Klimasystems beitragen, so-

wie die Kontrollparameter dieser Kippelemente sind in II.3.2 beschrieben.  

 Das mögliche Verhalten eines solchen Systems soll sowohl bei niedriger Kopp-

lungsstärke (Abb. 16; grüner, durchgezogener Rahmen) als auch bei hoher Kopp-

lungsstärke (Abb. 16; grüner, gestrichelter Rahmen) beschrieben werden. Damit ist 

eine Aussage über die Auswirkungen einer Kopplung auf das Kippverhalten der 

beiden Kippelemente des Klimasystems möglich.  

Coupling strengths:

Baseline state

Tipped state

Domino effect

Klose et al. (in review), arXiv:1910.12042, 
EGU2020-4490
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Abb. 21: Übersicht der möglichen kritischen Übergänge in einem Master-Slave-

Slave System 𝑋1 → 𝑋2 → 𝑋3 in Abhängigkeit von den Kontrollparametern 𝑐2 und 

𝑐3 bei 𝑐1 < 𝑐1𝑘𝑟𝑖𝑡 mit 𝑑2 > 0 und 𝑑3 > 0 bei |𝑑2|  ≈  |𝑑3| und geringer Kopp-

lungsstärke. Darstellungen wie Abb. 14 mit folgenden Abweichungen: Dargestellt 

sind die Ausgangszustände kritischer Übergänge und von Rückkippprozessen, die 

bei Variation der Kontrollparameter 𝑐2 (horizontale Achse) und 𝑐3 (vertikale 

Achse) und dem Übergang in den zugehörigen farbigen Bereich der gleichen An-

zahl stabiler Fixpunkte ihre Stabilität verlieren und verschwinden. Zusätzlich ist das 

Subsystem 𝑋𝑖, 𝑖 = 1, 2, 3 angegeben, in dieser Übergang stattfindet. Die Reihen-

folge der aufgeführten Subsysteme entspricht nicht der Reihenfolge des Kippens. 

Sie kann innerhalb eines farbigen Bereiches in Abhängigkeit von dem Verhältnis 

zwischen den Kontrollparametern und Kopplungsstärken variieren. Bei Kennzeich-

nung eines Subsystems mit einem Sternchen * erfolgt ein Übergang in den zum 

Ausgangszustand entgegengesetzten Zustand und anschließend eine Rückkehr in 

den Ausgangszustand. Die dargestellten kritischen Übergänge basieren auf Simu-

lationen des gegebenen Systems bei |𝑑2| =  |𝑑3| = 0,2 und 𝑐1 = 0,1. 

  

41 

II.3.2 Wechselwirkungen zwischen Kippelementen des Klimasystems: Grön-

ländischer Eisschild und thermohaline Ozeanzirkulation  

Vor dem Hintergrund der globalen Erwärmung können Subsysteme des Klimasys-

tems nach Überschreiten eines kritischen Schwellenwertes durch einen Kontrollpa-

rameter in einen qualitativ anderen Zustand übergehen (Lenton et al., 2008). Als 

mögliche Kippelemente wurden dabei die thermohaline Ozeanzirkulation sowie der 

Grönländische und Westantarktische Eisschild diskutiert (Lenton et al., 2008; Le-

vermann et al., 2012). Das Kippen der verschiedenen Subsysteme hätte neben den 

ökologischen Auswirkungen zum Beispiel im marinen Bereich bei Abschwächung 

der thermohalinen Ozeanzirkulation (Schmittner, 2005) unter anderem durch einen 

Anstieg des Meeresspiegels (Gregory et al., 2004; Levermann et al., 2014; Winkel-

mann et al., 2015) bei dem Schmelzen der Eisschilde auch weitreichende Folgen 

für Wirtschaft, Infrastruktur und Gesellschaft (Hanson et al., 2010; Nicholls & Ca-

zenave, 2010). Die Kippelemente sind zudem nicht unabhängig voneinander, son-

dern interagieren durch verschiedene physikalische Mechanismen (Kriegler et al., 

2009) (Abb. 9).  

 

Abb. 9: Interaktionen zwischen Kippelementen des Klimasystems nach einer Ex-

pertenbefragung in Kriegler et al. (2009). Ein „+“ beschreibt eine erhöhte und ein 

„-“ eine verringerte Wahrscheinlichkeit des Kippens, wenn das vorausgehende Kip-

pelement gekippt ist. ENSO steht dabei für El Niño-Southern Oscillation.  
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FIG. 3. Size dependency of critical coupling strength for hki ⇡ 5. In the upper panel the average

cascade size with respect to the coupling strength in the transition region is shown. The error

bars indicate the standard error. In the lower panel the approximate critical coupling strength

(coupling strength where hLi ⇡ 0.5) with respect to the network size N is shown.

FIG. 4. Size dependency of critical average degree for d = 0.15. In the left panel the average cascade

size with respect to the average degree in the transition region is shown. In the lower panel the

approximate critical average degree (average where hLi ⇡ 0.5) with respect to the network size is

shown.

B. E↵ect of Network Topology154

Now we focus on the e↵ect of the network topology. For all network models, the transition155

from resilient to vulnerable networks is shifted to lower coupling strengths, when the average156

degree is increased (Fig. 6). The topology of the network has a significant e↵ect on this shift157

8

Tipping cascades in general 
complex networks

FIG. 1. Illustration of a tipping network. Each node represents a tipping element with a corre-

sponding state variable xi. A directed link corresponds to a positive linear coupling with strength

d. The e↵ective control parameter r̃i of a node depends on the state of the nodes it is coupled to.

The equilibria with respect to the e↵ective control parameter are qualitatively illustrated in the

box.

to x+. The e↵ective control parameter r̃2 is thus increased by �r̃ = d(x+ �x�). For r2 = 0,63

a tipping event in the second element is induced if �r̃ > rcrit and therefore if the coupling64

strength exceeds a critical threshold of dc = rcrit
x+�x�

.6566

B. Network Models67

To investigate the e↵ect of network topology we use three well-known random network68

models: The Erdős-Rényi model (ER) [15], the Watts-Strogatz model (WS) [16] and the69

Barabási-Albert model (BA) [17]. We slightly extend the two last models such that we are70

able to generate and compare directed networks with arbitrary average degrees, where the71

average in- and out-degree is approximately equal (hkini ⇡ hkouti ⇡ hki).72

The ER model is a simply random network model, where a directed link between two73

elements i and j is added with probability p. The resulting average degree is hki ⇡ p(N �1).74

The WS model is usually used to generate networks with large clustering coe�cients,75

but small average path lengths to resemble the small-world phenomenon [18]. Instead of a76

completely regular network, we first generate a ring-like structured network, where every77

4

Krönke et al., Physical Review E (2020), arXiv:1905.05476; 
Wunderling, Stumpf et al., Chaos (2020), arXiv:2001.02169
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Typical cascade size on networks
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Figure legends 383 

 384 

Figure 1. Map of the five climate tipping events considered here and the causal interactions 385 

between them previously identified in an expert elicitation8.  386 



Shifts of critical thresholds due 
to tipping element interactions

GIS
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WAIS
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Figure 1 | Interactions between tipping elements. Five natural tipping elements that are
important for the stability of the climate system: The Greenland Ice Sheet, the West Antarctic
Ice Sheet, the Atlantic Meridional Overturning Circulation (AMOC), the El-Niño Southern
Oscillation (ENSO) and the Amazon rainforest together with their main interaction pathways3.
The interaction links between the tipping elements are colour marked, where red stands for an
increasing danger of cascading failure, blue for decreasing danger and black for an unknown
change of danger. For a more thorough description of each of the tipping elements and the
links see supplementary Tabs. 1 and 2. Note: We changed the link from ENSO to AMOC
from uncertain to negative only since there is only a damping process known in literature3,25.
Preliminary figure (THC = AMOC); Ricarda (and NW) prepare a better figure

6

becomes more stable with higher coupling constants.

Figure 3 | Tipping range. a, Critical temperature without taking into account interacting ef-
fects for each of the five investigated tipping elements from literature2. The grey bars indicate
the standard deviation arising from drawing from a random uniform distribution between the
respective critical temperature limits. They correspond to the critical temperature range from
zero coupling in b and c. b,c, Critical temperature range versus scaling parameter of the cou-
pling strength (coupling constant), where the critical temperature is the global mean temper-
ature above pre-industrial. Critical temperature range for the large ice sheets (polar tipping
elements): Greenland Ice Sheet and West Antarctic Ice Sheet in b. Critical temperature range
for the equatorial tipping elements: Atlantic Meridional Overturning Circulation (AMOC), El-
Niño Southern Oscillation (ENSO) and Amazon rainforest in c. The standard deviation of the
critical temperature for each tipping element is given as respective colour shading.
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Wunderling et al., ESD Discussions (2020)



Roles of tipping elements in cascades: ice sheets 
appear as main initiators of cascades, AMOC is 

an important transmitter of cascades in this model

Wunderling et al., ESD Discussions (2020)
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Figure 1 | Interactions between tipping elements. Five natural tipping elements that are
important for the stability of the climate system: The Greenland Ice Sheet, the West Antarctic
Ice Sheet, the Atlantic Meridional Overturning Circulation (AMOC), the El-Niño Southern
Oscillation (ENSO) and the Amazon rainforest together with their main interaction pathways3.
The interaction links between the tipping elements are colour marked, where red stands for an
increasing danger of cascading failure, blue for decreasing danger and black for an unknown
change of danger. For a more thorough description of each of the tipping elements and the
links see supplementary Tabs. 1 and 2. Note: We changed the link from ENSO to AMOC
from uncertain to negative only since there is only a damping process known in literature3,25.
Preliminary figure (THC = AMOC); Ricarda (and NW) prepare a better figure

6
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Figure 5 | Role of tipping elements in cascades. Network of tipping elements together with its
interaction structure divided into strengthening, weakening and uncertain links (dashed arrows).
The blue colour shading depicts the share of occurrence in tipping cascades of each of the
elements. The share of occurrence ranges between 16% and 24%. On the other side, the area
of a node represents the share of initiating a tipping cascade. The percentage is also shown
in the centre of the respective node (ranging from 5% to 40%). In supplementary Fig. 3, the
information is plotted as bar charts and subdivided into temperature increases.
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Summary
1. Important to study dynamics of tipping elements under 

global warming due to large potential impacts on 
human societies


2. Interactions of tipping elements and potential for 
domino effects are still understudied and large 
uncertainties exist in various parameters and 
interaction structure


3. Risk analysis approach based on stylised network 
model and Monte Carlo propagation of uncertainties to 
guide more detailed analysis with process-based 
models
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et al., 2012). Among the candidates with the most severe and far-reaching consequences for 
the entire planet are the Thermohaline Ocean Circulation (Caesar et al., 2018) and the 
Greenland (Robinson et al., 2012) and Antarctic ice sheets (Winkelmann et al., 2015) (left 
part of Figure 1). The risk of transgressing their critical thresholds increases with continued 
greenhouse gas emissions and global warming (Church et al., 2013). The ice-sheets, along 
with coral reefs, mountain glaciers and the Arctic summer sea-ice, might in fact reach their 
tipping point even within the Paris temperature range (Schellnhuber et al., 2016). Interactions 
between these climate tipping elements (Kriegler et al., 2009) could trigger cascading effects 
and positive feedbacks that would further amplify global warming (Steffen et al., 2018). 
 
With the recent observations from the Amundsen basin (Rignot et al., 2014; Favier et al., 
2014), the rather theoretical notion of climate tipping has become a reality. Declared a “holy 
shit moment of global warming” by public media (Mooney, 2014), the implications were 
widely discussed in science and the public. 
 
 

 
Figure 1: Domino effects in the Earth System. The knowledge of (anticipated or already 
observable) impacts caused by climate tipping elements (in green) such as the Antarctic Ice 
Sheet, Greenland Ice Sheet and the thermohaline ocean circulation could lead to social 
tipping (in blue) via changes in attitudes, policies and – ultimately – behavior (for instance 
changes in consumption, production or land-use). In turn, processes within the social sphere 
can strongly affect the climate system through changes in greenhouse gas emissions. 
Green arrows denote possible feedbacks between the climate tipping elements. Plus (minus) 
signs indicate that the tipping of one element is likely to enhance (decrease) the possibility of 
another. Blue arrows indicate possible interactions in the social sphere. 
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