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Effect of  finite correlation time on the wave-particle 
interactions of  nonlinear electrostatic structures with 

electrons in the Earth's radiation belts.
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A. Discovery of  localised electron structures in the Earth’s magnetosphere raises 
several questions, e.g.,  
—How are they generated and how do they dissipate?  
—Are they efficient in scattering/energising electrons in the Earth’s 
magnetosphere? 

B. Since wave-particle interactions of  nonlinear phase holes can NOT be treated with 
quasi-linear theory we derive diffusion coefficients from a Hamiltonian  
— We start from Hamilton’s equation to compute changes in the first adiabatic 
invariant.  
— We incorporate a finite correlation time for the nonlinear electrostatic structures. 
The ratio of  the linear transit time compared to the correlation time determines the 
strength of  the wave-particle interaction. 

C. The effect of  finite correlation time results in enhanced diffusion of  electrons with 
large pitch-angles (i.e. longer transit times).  
—We recover the diffusion coefficients derived by Vasko et al. (2017) in the limit 
where the transit time is much smaller than the correlation time.

Summary
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Motivation: Discovery of  localised nonlinear 
phase space structures in the radiation belts
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What is the role of  nonlinear phase space structures w/ large parallel 
electric fields in energising electrons in the Earth’s magnetosphere? 

Mozer & al, PRL, 111, (2013) 
Malaspina & al, GRL, 41, (2014) 

Vasko & al, JGR, 122, (2016)

�E ⇠ 10� 50 mV/m



Theoretical analysis 
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Hamiltonian for the interaction of  a particle with 
an electrostatic phase space hole
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Derivation of  the diffusion coefficient: Part 1
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Derivation of  the diffusion coefficient: Part 2



Comparison with Vasko et al. (2017) results
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Comparison with Vasko et al. (2017) results
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Results
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Orbits that can be described as unperturbed 
require transit time less than trapping time. 



Ratio of  diffusion coefficient: Part 1
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Ratio of  diffusion coefficient: Part 2
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Conclusion/Take away
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A. Using a Hamiltonian formalism we derived a diffusion coefficient while taking 
into account the finite correlation time of  the electric fields of  nonlinear phase 
space structures——> electrons can sample decorrelating/growing fields. 

B. This effect results in enhanced diffusion for e- that have longer transit time 
(i.e. large pitch-angles) and reduced diffusion for e- that have short transit 
time (small pitch-angles).  

C. The diffusion of  10-100 keV electrons caused by phase-holes is comparable in 
size to that by whistlers. Our results indicate that the associated diffusion 
coefficients need to be incorporated into global models. 


