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1. Viscoelasticity & Aftershocks CRM?

CENTRE DE RECERCA MATEMATICA

Material failure at different scales and processes can be modeled as an emergent
feature of micromechanical systems in terms of avalanche dynamics. Among
experimental observations, event-event triggering —aftershocks— is a common
feature in seismological catalogs, acoustic emission experiments [1] and even
other phenomena. In parallel, the statistical properties of triggering in such cata-
logs are often modeled as stochastic epidemic branching or linear Hawkes pro-
cesses [4,5]. In the micromechanical approach, viscoelastic stress transfer and
after-slip are among the proposed mechanism behind triggering and aftershocks.

time

Here we address a simple question:
Do aftershock sequences obtained in micromechanical models agree with the
predictions and ideas behind the epidemic branching framework?

We introduce two fibrous models as prototypes of viscoelastic fracture [2] which
(i) provide an analytical explanation to the acceleration of activity in absence of
tension critical failure observed in acoustic emission experiments [3]; (ii) reproduce the
“ ‘ typical spatio-temporal properties of triggering found in field catalogs, acoustic
emission experiments; and (iii) agree with the one-to-one causality established
L in epidemic models, but display discrepancies with the branching topological
properties predicted by stochastic models. These are probably caused by physical
X constrains and nonstationary parameters.
ﬂ [11]. Bar6 et al., Phys. Rev. Lett. 110 (8), 088702 (2013);
’ \’ [2]]. Bar6, J. Davidsen, Phys. Rev. E 97 (3), 033002 (2018);
[31]. Bar6, et al., Phys. Rev. Lett. 120 (24), 245501 (2018);

[4]1]. Bard, J. of Geophys. Res.: Solid Earth, 125, €2019]B018530 (2020);
[5] S. Saichev, et al., Pure and App. Geoph., 162 (6), 1113-1134 (2005).
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http://www.doi.org/10.1103/PhysRevLett.110.088702
http://www.doi.org/10.1103/PhysRevE.97.033002
http://www.doi.org/10.1103/PhysRevLett.120.245501
http://www.doi.org/10.1029/2019JB018530
http://www.doi.org/10.1007/s00024-004-2663-6
http://www.crm.cat/en/About/People/Researchers/JBaro/Pages/PersonalContact.aspx?ItemId=CO003414

2. Epidemic Aftershock Sequence Models (ETAS) «+— Galton-Watson BranchinC R
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The Epidemic Aftershock Paradigm [4]:

o Catalogs are modeled as a linear Hawkes process (ETAS):

p(t,x,m) = p(m)po(t, 1) + Y p(m)n(m) Wi(t, x|ti, x;)

i<t

considering: - Gutenber-Richter:  p(m) ~ 10770~
- productivity law:  n(m;) := k10 (mi—me)

e ..or specifically as a Galton Watson branching process ..
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The Epidemic Aftershock Paradigm [4]:

o Catalogs are modeled as a linear Hawkes process (ETAS):
+ > plm)n(m)Wi(t, xlt;, ;)
it <t

p(m) ~ 107b(m—mf)
n(m;) := k1090 me)

w(t,x,m) = p(m)po(t,x)

- Gutenber-Richter:
- productivity law:

considering;:

e ..or specifically as a Galton Watson branching process

exhibiting a transition from Poisson (swarm-like) clusters to

scale-free (burst-like) offspring depending on «/b. (details)
Xi(m;) ~ Pois.(n(m;)); as GW :

bka

F( — b(o, k)

e!
only depends on 0 < a/b <1 and n = ko/ <1 — F)
“Notice that the branching interpretation explicitly considers
one-to-one causal links. The Hawkes interpretation does not.
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3. Generalized Viscoelastic Fiber Bundle Models (GVE-DFBM & GVE-LFBM) C R M 9

CENTRE DE RECERCA MATEMATICA-

Consider a bundle of a number M of equal parallel fibers {I}: ¢; = / Jdoy;

I—LLL‘—' each with a random strength S;;

VBB A global load o is shared in individual local loads: o;(t) = w;(t)o(t);
(i) At time t a fiber is broken if 3t'|S; < oy(t' < t); if so: wy(t) — 0;

Al LA (A A (A
(ii) Conservation imposes: Z w; =1 — load must be redistributed;
Load Share !
r _ 1 (iii) Sharing Rule: democratic (DFBM) (mean field)[2]: w,(t) = N;iam
Cramicmp)  (somaamp) local (LFBM) (k = 4 n.n. in a 2d-lattice): d0jcnny = 01/k;

A 444 A A4t

Yy vy
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Consider a bundle of a number M of equal parallel fibers {I}: ¢; = / Jdoy;

each with a random strength S;;
A global load o is shared in individual local loads: o;(t) = w;(t)o(t);

(i) At time t a fiber is broken if 3t'|S; < oy(t' < t); if so: wy(t) — 0;

(ii) Conservation imposes: Z w; =1 — load must be redistributed;
]

v Load Share =3 (iii) Sharing Rule: democratic (DFBM) (mean field)[2]: w;(t) = N;iam
Democratic Local local (LFBM) (k = 4 n.n. in a 2d-lattice): 60jcnnqy = 01/k;
( hard clamp) ( soft clamp )

AAAA AAAA

(iv) Creep compliance (Ae(t) = J(t) Aoy): elastic kernel : Jg1.(f) = 1/E;

\ B BRI \ B AR

Elastic Fe b __
i — el

I: - - —
L
time
e

avalanche:

Erastic DFBM

e Avalanches are caused by simultaneous failure of several fibers
(with similar strength in the example of DFBM).
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Zener Solid r

Consider a bundle of a number M of equal parallel fibers {I}: ¢; = / Jdoy;

each with a random strength S;;
A global load o is shared in individual local loads: o;(t) = w;(t)o(t);

(i) At time t a fiber is broken if 3t'|S; < oy(t' < t); if so: wy(t) — 0;
(ii) Conservation imposes: Z w; =1 — load must be redistributed;

I
(iii) Sharing Rule: democratic (DFBM) (mean field)[2]: w;(t) = N;_

S<o(t)
local (LFBM) (k = 4 n.n. in a 2d-lattice): 60jcnnqy = 01/k;

1 t
(iv) Creep compliance: viscoelastic: gz (t; 1, o) = E (1 — hE, (—) );
-

o(Eell o (Ee,t|h)

avalanche:

ViscoeL. DFBM

S Siar S.+f'§;“

e Avalanches are split in causally connected clusters.
e The magnitude of transient hardening (/1) controls avalanche statistics.
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4. Activity and Number of Aftershocks

[

el
—

DEMOCRATIC FIBER BUNDLE MODEL

o Acceleration to failure (dA/df, (f>)) is invariant [2], but
e viscoelasticity trades critical avals. for foreshocks [2]. |

<E > (a))

e Observed in acoustic emission experiments [3]. —

. Elastic (h=0.0)  Viscoelastic (h=0.0) 1
“1\3103"|"'|"'|"'|"'gg"l"'l"'l"'l"'g @10 B ]
5 13 ] = a8t
= 10? | . % 106 L

. p < 10

A 101 B, N 4 F

v SV ) 10 8
0 Lu< 102 [t

. =
5 107 7 A R R P PN AN

ot 10" 102 107 10 10 10°

...I...I...I...I...“...I...I...I...I....
1° 10! 102 103 10% 10! 102 103 10% 10° _ 7. k
0 0 0 0 0 fo 0 0 0 0 0 fk_]P/Pc

May 3, 2020 5/10


http://www.crm.cat/en/About/People/Researchers/JBaro/Pages/PersonalContact.aspx?ItemId=CO003414

4. Activity and Number of Aftershocks C R M 9
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2-D LOCAL FIBER BUNDLE MODEL

Elastic
.  dEa ((t—t)/7) —[r — x|
e Kernel: W;(t, r|t;, rt;) ~ I exp 7o 0) .
) 10! T w w
107} 10 s
= =
51072 2 10!
[} 1073 e
=i = %)
210
1074 g
= 3
2100 = 10
2 g
@ 4
5

10-7L b AL 107
10° 10! ’ 10" 10° 10" 107
triggering time: (t-t;)/T

aftershock distance r = |r|
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5. Branching parameters («/b, 1) C R M 9

CENTRE DE RECERCA MATEMATICA-

[

DEMOCRATIC FIBER BUNDLE MODEL

[ —

e All avalanche sizes are i.i.d. as Borel depending on f,: p(A;f;) = (fEA)Afle*ﬂ‘A/A! (details).

10° 10" 102 10° 10%A
10-10 - " " . "

107* 1073 1072 107" 10° 10" 107
A(1 - B)?
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5. Branching parameters («/b, 1)

[

DEMOCRATIC FIBER BUNDLE MODEL

[ —

e Considering m = log;, A this implies b-value = 0.5; a =~ 0.8 (a/b = 1.6 > 1).

3
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5. Branching parameters («/b, 1)

[

DEMOCRATIC FIBER BUNDLE MODEL

[ —

o Triggering is sorted by parent (see model) rendering unrealistically (non-ETAS) ‘combed’ trees;
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5. Branching parameters («/b, 1)
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2-D LOCAL FIBER BUNDLE MODEL

e No analytic solution. Critical failure for S; ~ Weibull(k(%)), being k(0) = 1.36.
P(A) ~ A7 P exp(—(A/AL)") with b ~ 0.7, a cutoff A(h) & productivity exponent a(h).

depth

© ® N U AW N = O

01234567

time

size distribution: P(A)

[ A,=300 or b=0.8

A=15orb=1.2

L A=0.5or b=7.0
b=0.7 -

h=0.0 -]
h=0.2 -
h=0.5 -]
h=0.9 -

10° 10" 10
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3

10 h=02 »  h=0.9 =
h=0.5d<2 = 0.792(9) -
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10? £20<d<200 1

10" 102 10° 10

size of parent A,
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6. Triggering in the FBM with democratic load sharing (DFBM)

(1-BY’ D(A |B)

n. of direct aftershocks
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: :
10° 10‘ 102

The exponent values in the DFBM
imply: a/b = 1.6 > 1!! (unphysical)

BUT, failure is sub-critical

M?
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[

(no divergence of (number of offsprings))
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BUT, failure is sub-critical
(no divergence of (number of offsprings))
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[

[

Distr. of tree-size (S) ~ Distr. of avalanche sizes (A)
(imposed by physical constrains [2])

Only swarm-like clusters ( d; ~ 5%
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6. Triggering in the FBM with local load sharing (LFBM) C R M 9
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Power-law avalanches can occur

0 — T T
1ot &30 orb=08 ] 1y with /1 > 0 (unlike the DFBM)
A, 5orbg=1.2 2 L
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7. Conclusions:

» Epidemic models (ETAS) interpret aftershock sequences as: ki | | ‘P“"l"‘ procis | ‘
(1) linear Hawkes’ processes with an intensity factorized in empirical terms - f\l\hiQ!n =T
accounting for: mainshock mag., and spatio-temporal and mag. distribution. = e

deformation

M?
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(2) a Galton-Watson branching forests with one-to-one causal links, independent

6 @e Branching = e
offspring production and a transition between Poisson and power-law offspring | \\‘ ]

distribution. Time

Depth

» Avalanches in micromechanical models of viscoelastic fracture can be triggered by
external driving (mainshocks in terms of seismology) or one-to-one causal triggering
(aftershocks) and reproduce qualitatively the expectations of the ETAS model.

(1) Aftershocks are defined by one-to-one causal links, leading to branching.

tension

/) 4 4 (2) Explain the origin of acceleration in absence of critical avals. at failure
w By . (3) Reproduce the expected cluster classification depending on physical
ﬁ X parameters. We find bursts for high viscosity () and swarms for low.

¥ ¥ ¥ (4) To reproduce quantitatively all topological features we must consider

physical constrains and non-stationary parameters in the ETAS model (WIP).

m ” AXA NSERC
eal | 09 I CRSNG
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Triggering in the ETAS model

Epidemic Type Aftershock Sequence Model (ETAS) [Y. Ogata, JASA (1988)] :
\IJ(A, t, r|ml-, t;, l‘i) = p(A)Vq,(AQ) W (t — l‘(;)\I’/f(‘HI‘ — 1‘0‘ ‘)

p(A) ~ A1 Results depend only on (1) and «a/b.
0 < a/b < 0.5 typical Galton-Watson
1y(Ag) ~ AY 0.5 < a/b < 1 special case depth

[A. Saichev, et al. (2015)]
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Epidemic Type Aftershock Sequence Model (ETAS) [Y. Ogata, JASA (1988)] :
\IJ(A, t, r|m,-, ti, l‘i) = p(A)Tlh<A0) (t — ILU )W, ( Hl‘ — I‘OH

p(A) ~ AT Results depend only on (1) and «a/b.
0 < a/b < 0.5 typical Galton-Watson
e 0.5 < a/b < 1 special case
np(Ag) ~ Af depth
[A. Saichev, et al. (2015)]
Distr. of offspring Distr. of tree-sizes Relation: sizes vs. leaf-depths
a) T : 1 : . , .
~ N-bamr WO [TRZOH0] afb 5 [ 2 =000 ‘ a)
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Triggering in the ETAS model

P(NV)

Field catalog class.: BURSTS (d; < 5)and SWARMS (d; ~ S7)

adapted from 1. Zaliapin, ¥. Ben-Zion, JGR-B (2013)
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15
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[ (from Davidsen et al. (2017), PRL 119, 068501)
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1 Cluster size, N * 1 depth
Distr. of offspring Distr. of tree-sizes Relation: sizes vs. leaf-depths
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Exponent table for LFBM and ETAS expectations
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The Generalized Zener Element

Adds dissipation, temporal scales and power-law memory.
Reproduces the response of certain bulk amorphous materials

_ oy d”
ox = Xoz¢ex

Um mgm
% o. = FEe
|_I_

Constitutive equation for the generalized Zener Element:

X de X(En + E) d°
T A B 2
[ *E, dt“}gl { TR dt”}EE

E m

- e ()22, - g

M?
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time

Creep compliance:
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Micromechanical model with triggering: Viscoelastic fracture

CENTRE DE RECERCA MATEMATICA-

[J. Baré & ]. Davidsen, PRE (2018)]

Fiber Bundle Models )
(FBM): Interaction (sharing rule): Fiber Deformation (overdamped):
Elastic —_—
Brittle fibers of o1
stochastic strengths S;: TV MM = ‘\Q.Q,Q.QI_‘ -
f time
AL A AN A
Local load at each
fiber: r Load Share 1
g] = { wl(t)a (Eg < Si) Democratic Local
0 (Eg > G; ) ( hard clamp ) ( soft clamp )
A 444 | A 44
A
AVALANCHE:
collective failure A
of A fibers

|
FVvy vy
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M?

Micromechanical model with triggering: Viscoelastic fracture

CENTRE DE RECERCA MATEMATICA-

[J. Baré & ]. Davidsen, PRE (2018)]

Fiber Bundle Models )
(FBM): Interaction (sharing rule ): Fiber Deformation (overdamped):
Brittle fibers of |
stochastic strengths S;: MIBVBNERA o
fl time
Al A A A h=0
Local load at each time __
fiber: Load Share h=1
r 1 Zener Solid ——
o= { wi(t)o (E€ < 5i) pemocratic Local time
0 (Eg > S; ) ( hard clamp ) ( soft clamp ) . . .
A A4 A A A A4t Elastic Viscoelastic
AVALANCHE: @
collective failure
of A fibers | transient
vV yvyvy effect
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Triggering in the FBM with democratic load sharing (DFBM)

ELASTIC (Ee = o))

Constitutive equation:

o(Ee) = (ﬁ)ff

0.3

O

0 02 04 06 08
Ee (=5)

1

M?

CENTRE DE RECERCA MATEMATICA-

o(Fe) o(FEe)
Avalanche / v i
& L
Q
S, i Sd
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Triggering in the FBM with democratic load sharing (DFBM) C R M 9

CENTRE DE RECERCA MATEMATICA

o(FEe) o(FEe)
0.3 o Avalanche / v i
ELASTIC (Ec = o)) 9
Constitutive equation: 02r s £ ]
utive equ . . £ - o2
c No 71E o1f S
E)=\Ns>Ey) F°
00 (;.z (;.4 (;.6 (;.8 1 Fe Ee

Ee (=s) S S; Sita

VISCOELASTIC (Ee = (1 — f(t))o)

_— . N
Constitutive equation: o(Ee, t) = ]\](5[7>0EE) — Z o (t—t) Ee
o(Eelh =0) o(Ee,t|h) o
>
~

S S o B
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Mean Field (Democractic) FBM: Universal Avalanche Statistics CRM?

CENTRE DE RECERCA MATEMATICA-

From constitutive equation: ~An avalanche start at S;, stops when: & (E ) >0 (Sz)

Universal Avalanche Definition: 30r /
25 -
g(Ai) > B(Si’h)Ai 201
. . . q

(hitting times) S5t
10 +
5¢F

0

0 5 10 15 20 25 30
A

&(A) : Poisson counting process of A steps.

[Baré & Davidsen, PRE (2018)]
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Mean Field (Democractic) FBM: Universal Avalanche Statistics CRM?

CENTRE DE RECERCA MATEMATICA

From constitutive equation: ~An avalanche start at S;, stops when: & (E ) >0 (Sz)

Universal Avalanche Definition:

£(Ai) > B(Silh)A;
(hitting times)

[Baré & Davidsen, PRE (2018)]

(a)
10 oo
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102 0.80 —
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10° 0.60 —
20 F 3 10° 20 =
< 15 = 10721071
S lor ) 1072
w 1104k 1070 |
10 - -
1076 107° |
1076 ¢
5 10-8 1077 —
100 100 10% 10° 10*A

073 1072 107! 10° 10' 107
A(1 - B)?

O . . L L k v y 10
0 5 10 15 20 25 30 'O,
A
&(A) : Poisson counting process of A steps.
gPpP P

B > 1: Prob. A — oc.

B < 1: Borel distribution!

[1— BJA)>~ exp(—[1 — BJA)
Al

B = 1: Critical D(A; B) ~ A~

D(A;B) = ( ~ A2 D(A|1-BJ)

10/10


http://www.doi.org/10.1103/PhysRevE.97.033002
http://www.crm.cat/en/About/People/Researchers/JBaro/Pages/PersonalContact.aspx?ItemId=CO003414

Mean Field (Democractic) FBM: Universal Avalanche Statistics CRM?

CENTRE DE RECERCA MATEMATICA

From constitutive equation: ~An avalanche start at S;, stops when: & (E ) >0 (Sz)

Universal Avalanche Definition:

£(Ai) > B(Silh)A;
(hitting times)

Slope B is function of state:

S; pdf (Si)

B(Silh) = 77 F(S))

(1—=h)

[Baré & Davidsen, PRE (2018)]
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Mean Field (Democractic) FBM: Universal Avalanche Statistics CRM?

CENTRE DE RECERCA MATEMATICA

From constitutive equation: ~An avalanche start at S;, stops when: & (E ) >0 (Sz)

Universal Avalanche Definition:

£(Ai) > B(Silh)A;
(hitting times)

Slope B is function of state:

S; pdf (Si)

B(Silh) = 77 F(S))

(1—=h)
At failure (da/ds\nf =0):

B(Eeslh) = (1—h)

[Baré & Davidsen, PRE (2018)]
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Mean Field (Democractic) FBM: Universal Avalanche Statistics CRM?

CENTRE DE RECERCA MATEMATICA

From constitutive equation: ~An avalanche start at S;, stops when: & (E ) >0 (Sz)

Universal Avalanche Definition:

£(Ai) > B(Silh)A;
(hitting times)

Slope B is function of state:

(s = 2L - )

At failure (da/ds\nf =0):
B(Egflh) = (1 —h)

Critical failure for 7 = 0.
Subcrit. failure for 1 > 0.

[Baré & Davidsen, PRE (2018)]
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Topological properties of aftershock clusters in a viscoelastic model

gfgﬁg of quasi-brittle failure C R M R

UNIVERSITY OF Jordi Bar6 “?, Jorn Davidsen ¢, Alvaro Corral CENTRE DE RECERCA MATEMATICA
CA LGARY “ Complexity Science Group, Dept. of Physics and Astronomy, Univ. of Calgary, Calgary, AB, T2N 1N4, Canada. H & Resemh Fund

" Centre for Mathematical Research (CRM), Barcelona, 08193, Spain.

1) VISCOELASTICITY & AFTERSHOCKS 2) EPIDEMIC AFTERSHOCK SEQUENCE MODELS (ETAS) <+— GALTON-WATSON BRANCHING (GW) [4]

Material failure at different scales and processes can be modeled ‘.o& time o Catalogs are modeled as a linear Hawkes process (ETAS): 4 [T afh wee= g 00 )
as an emergent feature in terms of avalanche dynamics in mi- X ) i [t o] -0 0 7y = 0.99 &

ical systems. Event-event triggering ” pt, v m) = plm)po(te) + Y plm)n(m)W,(t, vt vi) 85 om0 n =050 e
is common in seismological catalogs and acoustic emission exper- iti<t B 0s 05
iments [1] among other phenomena. Stochastic branching and GR: p(m) ~ 107%m=m) & prod. law: n(m;) = k,10%(m:=me) ETIRTERT L
linear Hawkes processes are used to model the statistical prop- o i ) ) ) .
erties of catalogs. In the micromechanical approach, viscoelastic © -oras GW branching process: (Poisson — scale-free offspring) o
stress transfer and after-slip are among the proposed mechanism . bk .
of aftershocks. 1 \ \”g — Xi(my) ~ Pois.(n(m,)); as GW : P(X; = 25T (@ = ba.k) v

v =
Ve is si ion: evends /b < —a 15 ¥ .o 100 5

ge;e‘;}:;‘ssl;;:;( simple quesuo;l’:’ e ! modele depth only depends on 0 < a/b < Land m, = ko/ (1 — &) = TR = : G e - = == =
agree with such epidemic branching paradigm? ’
We introduce two fibrous models as prototypes of viscoelastic 3) GENERALIZED VISCOELASTIC DEMOCRACTIC AND LOCAL FIBER BUNDLE MODEL (GVE-DFBM & GVE-LFBM) [2]

fracture [2] which (i) provides an analytical explanation to the
acceleration of activity in absence of critical failure observed
in acoustic emission experiments [3]; (ii) reproduce the typical (i) Fracture: wy(t) — 0if 3t'|S) < oy(t' < t); (ii) Conservation: 3, wy = 1; Elastic o
spatio-temporal properties of triggering found in field catalogs, N
acoustic emission experiments; but (iii) display discrepancies i
with the branching topological properties predicted by stochastic e (iv) Mechanical response: elastic Jey () = 1/, vs. viscoelas
models, probably due to physical constrains. ,

Bundle of M/ equal fibers {1}: =, = [ Jdoy; local load to each fiber: /() = w;(t)o(#); random strength 5;

(jii) Sharing Rule: democratic (mean-field): w;(1) = vs. local (k nn in 2d-lattice): 60,y = 01/k; o

Jaaltih,0) = £ (1 hE, (1)); — — 00—

1
S<o(t)
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4) ACTIVITY AND AFTERSHOCKS 5) BRANCHING PARAMETERS (av/b, 1) 6) TOPOLOGICAL PROPERTIES OF TRIGGERING TREES
o Viscoelasticity trades critical avals. for foreshocks [2]. o “combed’ trees; Borel distr:: P(A; f.) = (f.A)A~1e~ /-4 /Al Comparison of trees in DFBM with ETAS model: 10°ge 109
as observed in acoustic emission experiments [3]. - — 050~ /b=16> b -1
0 P [3] mmldermg m=log;y A —b=05a 1]3;# (a/b=1.6> 1) « Offspring () and tree-size (S) distributions: 10 10
= ) VETT [ ver law 2.5 (a/b = 2/3 in ETAS) 10720 10-2F 02806
2 . Elastic (1=00) _Viscoelastic (h=0.0) B = , w0 power law (a/b=2/3in ) . 05896 (18)
< 3 = i osin From aval. size (A 2 [ P(A; fo)df. = S ~ A(h = 0). <) ST 05913 (9) &
g X s W Sy (v = L at crit. point) i
O 3 . w / o Leaf-depths (d;) scale ~ S like swarms (low a/b). £
E i %—c—-— o T i W Not as bursts (d indep. of S) expected for high a/b. 407
[a) §w, - . i b o ETAS needs to account for cutoff (correcting a/b > 1) 0% ] W0 1wl
o0t w0t wt g w0 0t w0t we Lo 107 EEL il | and temporal variations of parameters. . . 4 1077 . 10’ 0t 10t 10 10t
T e e W o OO s m, e wosken,
si-s soeofparent offspring; @ tree size: §
o Aftershock kernel: W, (t,r) ~ * no analytic solution: crit. fail. at §; ~ Weibull(a = 1.36). h 02 0.5 0.9 o In LFBM, triggering trees display a transition from bursts to swarms (as expected).
) Size distribution: A ~ A~ exp(—(A/A)Y) w. b~ 0.7; b 08 12 70 o Distributions (and exponent values) disagree with an ETAS model with the fitted parameters.
Elastic 10 cutoff A, & productivity () depend on h. a 078 072 058 10O
10! . S . 0975 0.600 0082 3 el fom
i 102 10343 m 075 - n 0171 0413 0675 10 P, ok
5 1078 T (medh) 203 267 131 ok
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