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Introduction 

In the presented study we propose a new method for detection of three-
dimensional turbulence applicable to high vertical-resolution radiosonde data (HVRRD), 
or any other simultaneous measurements of vertical profiles of the temperature, pressure 
and humidity (for application in the troposphere). Our motivation for proposing a new 
method for turbulence detection is connected with the most familiar effect of the clear-
air turbulence (CAT) - variations of the vertical lift (e.g. causing the bumpiness of the 
airplane). Three-dimensional atmospheric turbulence is characterised by irregular 
fluctuations in all velocity components in situations, when the inertial forces dominate. 
Thus, from its definition, the hydrostatic balance does not hold in turbulent layers. 
HVRRD allow to compute the deviation from local hydrostatic balance directly, from the 
knowledge of pressure, temperature and RH profiles and using the vertical component of 
Euler equations, which relates the deviation directly to the total derivative of vertical 



momentum. To tackle the presence of noise in HVRRD, we further integrate the equation 
vertically and the deviations than get an illustrative form of a difference of the observed 
and hydrostatically derived pressure. The methodology is demonstrated on selected 
observational events. For comparison, the traditional methods for turbulence 
identification are computed. In the discussion, future work and relation with theoretical 
characteristics of turbulence is outlined. 

Methodology 

Method 

Considering high Rossby and Reynolds number regimes, the Navier-Stokes equations 
reduce to Eulerian equations. Assuming that in the free atmosphere there are no external 
forces in the vertical direction, we start by writing the vertical component of the 
compressible Euler equations: 
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where 𝜌 is the density and 𝑝 the pressure of air, 𝑤 is the vertical velocity component and 
g the gravitational acceleration (generally a function of altitude, latitude and longitude). 
The zeroth right hand side is a typical signature of hydrostatic balance for incompressible 
fluids and equation (1) relates the hydrostatic balance deviations (HBDs) to a total 
derivative of the vertical momentum. 
An illustrative and useful form of the equation can be obtained after a small manipulation 
of eq. (1). Integrating the equation vertically at arbitrarily small domains, we get 
deviations of the observed pressure from hydrostatically derived pressure. Instead of 
integrating vertically across the whole profile and initializing the computation at the upper 
boundary of the analysis (common procedure for hydrostatic pressure), we select a finite 
width of the domain of integration (h). Therefore, also the level of initialization (zi+h) 
differs for each level (zi). The hydrostatic procedure is initialized from the observed 
pressure at the level zi+h. This can be written as,  

𝑝/0"1(𝑧4) = 𝑝(𝑧46/) + ∫ 𝜌𝑔*9:;
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𝑑𝑧,                                          (2) 
where  𝑝/0"1(𝑧4) is the locally-hydrostatically derived pressure at the altitude 𝑧4 and 
𝑝(𝑧46/) is the observed pressure at zi+h. Coming back to the Euler equation, we vertically 
integrate eq. (1) in the vertical domain of finite width h to get: 
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𝑑𝑧                                        (3a) 
		= 𝑝(𝑧4) − 𝑝/0"1(𝑧4).                                                            (3b) 

Equation (3b) relates the deviation between observed and hydrostatically derived pressure 
(i.e. HBD) with the rate of change of vertical momentum integrated in the vertical 
domain.  
For application of eqs. (1) and (3) to HVRRD, 𝜌 is computed from the equation of state 
for ideal gas using the observed pressure, temperature (𝑇) and RH as follows:  

𝜌 = 𝑝/𝑅"𝑇B,      (4) 
Where 𝑅" is the specific gas constant for dry air (287.058 Jkg-1K-1) and 𝑇B is the so-called 
virtual temperature, which is a combination of the temperature, pressure and partial water 
vapor pressure (e): 

𝑇B = 𝑇(1 + D.FGHI
)JD.FGHI

).     (5) 



e is a product of RH (measured) and the saturation vapor pressure, which is dependent on 
T and is inferred using the empirical August-Roche-Magnus formula: 

𝑒L(𝑇) = 6.1094exp	( TG.UVWX
X6D.FGHI

).    (6) 
Note that the temperature has to be inserted to the formula in °C. In the stratosphere, air 
is dry to a high precision and the virtual temperature is practically equivalent to the 
original temperature. In the process of density derivation, we neglect differences of the 
atmospheric composition other than caused by a presence of the water vapor. 
   

For the free atmosphere we suppose the hydrostatic balance to hold at a leading 
order and hence HBDs and the total derivatives of vertical momentum to be ideally zero, 
although there could be some nonzero background effects connected with the 
climatological middle atmospheric large-scale vertical motions. For the vertical scales of 
tens of metres and less, we expect [based on typical shapes of the energy spectrum in the 
free atmosphere, see Staquet and Sommeria (2002), Figure 7b] that the deviations will be 
dominated by the vertical turbulence. In the presence of turbulence in the profile, HBD 
should have a typical signature indicating an overturn - a positive deviation signalling the 
lower boundary and a negative deviation marking the top of the overturning region.   

This pattern can be deduced from the expanded material derivative of the vertical 
momentum in eq. (1) and by considering a single idealized overturn resulting from the 
convective instability. In the case of the integral method (eq. 3), the left hand side is: 
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In addition to the proposed method, traditional turbulence diagnostics are 
computed for comparison. The Richardson number (Ri) characterizing the onset of 
instability in stratified shear flow (see e.g. Wyngaard, 2010). It is traditionally assumed 
that Ri values below the critical value 0.25 identify unstably stratified regions and a 
developed turbulence. It can be computed from HVRRD directly in its gradient form 
(Rig), as a ratio of Brunt–Väisälä frequency (N) and the square of horizontal wind shear 
(S2): 

𝑅𝑖a = 𝑁V
𝑆Vd ,      (8) 

where N is computed as: 
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and 𝜃B	stands for the virtual potential temperature. 
The Thorpe analysis (after Thorpe, 1977) is the main diagnostic of turbulence in 

the atmosphere allowing to estimate parameters as eddy dissipation rate (ε) and the local 
overturning scale (via LT). The idea of the method stems from conservation of the 
potential temperature during adiabatic processes. Under stable conditions, potential 
temperature profiles should increase with increasing height and negative slopes of the 
profiles in the free atmosphere mark the overturn regions caused by breaking gravity 
waves or the turbulence. We follow the traditional methodology for computation of 
Thorpe analysis from HVRRD as explained in detail in e.g. Clayson and Kantha (2008) 
and Ko et al. (2019). First, high resolution 𝜃B	profile is computed:  

𝜃B = 𝑇B i
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which is then resorted into a stable monotonic profile. The vertical distance that it takes 
to move an idealized particle with the actual observed potential temperature to a level of 



its match in the stable profile is called a Thorpe displacement, whose root mean square 
value over the overturning region is the LT.  

Finally, we compute a simplified version of the proposed methodology that is akin 
to the traditional dynamic pressure concept (Vallis, 2017). Assuming small amplitude 
disturbances, a hydrostatic background atmosphere and neglecting dynamical density 
fluctuations eq. (3a) becomes: 
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𝑑𝑧 = 𝑝m(𝑧4) − 𝑝m(𝑧46/),     (11) 
where �̅� is a background density that would correspond to the state of hydrostatical 
balance. The profile of pressure perturbations can be derived by some statistical form of 
background separation, in our case by subtracting a smoothed background profile 
calculated by a moving average over a chosen number of neighbouring levels. Unlike in 
the literature, we do not interpolate the profiles to an equally spaced vertical grid (see the 
Discussion section for reasoning). Therefore, for the methods based on eqs. (3b) and (11) 
the results are divided by h to get units [Pa/m].  
For the comparison of the turbulence detection methodologies, we follow Wilson et al. 
(2010) to reduce the impact of measurement noise on the Thorpe analysis by removing 
the linear trend from short segments of temperature profile (5 points), calculating the 
mean of the squared differences as in Wilson et al. (2010) and subsequently computing 
the temperature noise variance as half the average value of these means in the entire 
profile. Then, we go from the bottom to the top of the temperature profile, examining 
successive vertical levels in the profile, and setting the temperature for the succeeding 
level equal to the preceding level if the difference between the two temperatures does not 
exceed the measurement noise. As in Kantha and Hocking (2011), these modified 
temperature profiles are then used for the Thorpe analysis. Similar methodology is 
applied to the methodology based on the pressure differences (eq. 11), with the distinction 
that we apply the smoothing and noise estimation procedures only on the resulting 
pressure differences. 

Results 

 

Figure 1. Vertical profiles retrieved from high vertical-resolution radiosonde data at 

Tateno station (36.06 °N, 140.13 °E), Japan, on 2009/21/12 (11:30 local time): (a) HBD 

method with subtracted background [10-point (50 m) running mean], (b) integral HBD 

method with  subtracted background [10-point (50 m) running mean], c) horizontal 

wind speed (u: blue, v: red) and (d) gradient Richardson number (instability threshold 

30

25

20

15

10

a) dp(z)/dz -ro(z)*g [Pa/m] b) temperature [K] c) wind [m/s] d) Rig

v
u
total speed

Al
tit

ud
e 

(k
m

)

-0.01   -0.005      0      0.005    0.01   0.015 210        215         220      225        230    -20       0        20      40     60      80    100   0         0.2       0.4       0.6       0.8         1



0.25 is highlighted by a red curve). The dashed line in each plot represents the 

tropopause height. Note that only data at 10 km and higher are shown.  

 
 

 

Figure 2. Vertical profiles retrieved from high vertical-resolution radiosonde data at 

Tateno station (36.06 °N, 140.13 °E), Japan, on 2011/06/05 (11:30 local time): (a) HBD 

method with subtracted background [10-point (50 m) running mean], (b) temperature, c) 

horizontal wind speed (u: blue, v: red) and (d) gradient Richardson number (instability 

threshold 0.25 is highlighted by a red curve). The solid red horizontal line in each plot 

represents the tropopause height. Note that only data at 10 km and higher are shown.  
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Figure 3. Vertical profiles retrieved from high vertical-resolution radiosonde data at 

Tateno station (36.06 °N, 140.13 °E), Japan, on 2009/21/12 (11:30 local time): (a) HBD 

method with subtracted background [100-point (500 m) running mean], (b) integral 

HBD method with ℎ = 5	m  and subtracted background [10-point (50 m) running 

mean], (c) integral HBD method with ℎ = 20	m  and subtracted background [10-point 

(50 m) running mean], (d) integral HBD method with ℎ = 100	m  and subtracted 

background [10-point (50 m) running mean], (e) Thorpe displacements after the noise 

reducing procedure and (f) pressure perturbation differences between the adjacent layers 

after background subtraction [10-point (50 m) running mean] and after the noise 

reducing procedure. 

 
 

30

25

20

15

10

30

25

20

15

10

Al
tit

ud
e 

(k
m

)
Al

tit
ud

e 
(k

m
)

      -0.02       -0.01          0          0.01        0.02

     -1e-4        -5e-5          0           5e-5       1e-4

      -0.004            0             0.004       0.008

-100        -50            0             50          100

-0.002                 0                   0.002

-0.1      -0.05      0        0.05      0.1    0.15

a) dp(z)/dz -ro(z)*g - back(500m) [Pa/m] b) p-p_hydro(5m) - back(50m) [Pa/m] c) p-p_hydro(20m) - back(50m) [Pa/m]

d) p-p_hydro(100m) - back(50m) [Pa/m] e) Thorp scale [m] f ) d(p-back(50m))/h(5m) [Pa/m]



 

Figure 4. Vertical profiles retrieved from high vertical-resolution radiosonde data at 

Tateno station (36.06 °N, 140.13 °E), Japan, on 2011/06/05 (11:30 local time): (a) HBD 

method with subtracted background [100-point (500 m) running mean], (b) integral 

HBD method with ℎ = 5	m  and subtracted background [10-point (50 m) running 

mean], (c) integral HBD method with ℎ = 20	m  and subtracted background [10-point 

(50 m) running mean], (d) integral HBD method with ℎ = 100	m  and subtracted 

background [10-point (50 m) running mean], (e) Thorpe displacements after the noise 

reducing procedure and (f) pressure perturbation differences between the adjacent layers 

after background subtraction [10-point (50 m) running mean] and after the noise 

reducing procedure. The solid red line in each plot represents the tropopause height. 
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Figure 5. Vertical profiles of the vertical distance between the measurements levels for 

high vertical-resolution radiosonde data at Tateno station (36.06 °N, 140.13 °E), Japan: 

(a) on 2009/21/12 (11:30 local time) and  (b) on 2011/06/05 (11:30 local time). 

Discussion 

In this study we presented a method for identification and analysis of overturning 
turbulence from HVRRD that arises after some manipulation directly from the vertical 
component of Euler equations. The method is based on deviations from local hydrostatic 
balance, thereafter its acronym - the HBD method. After deriving integral version of 
HBD, based on an ideal overturn, we discussed the typical pattern that is anticipated in 
the HBD profile in a case of the turbulence detection. We demonstrate the methodology 
on two illustrative observational events and show the utility of the HBD method by 
comparing the results with traditional diagnostics. HBD detects the turbulence, where it 
is to be expected based on the meteorological conditions and, in comparison with the 
classical Thorpe analysis, HBD detects less turbulent layers but with a greater spatial 
scale of the overturns. 

To sum up, there is a great potential for a broad utilization of the HBD based 
methods for observational turbulence analyses. The issues that need to be addressed in a 
future work are the automatization of the method (including the choice of background or 
h for the best signal to noise ratio), so that it can be utilized for a global climatological 
study and the relation of the HBD results to turbulence characteristics (like outer and 
inner scale of the turbulence, energy dissipation) needs to be established. Other than that, 
the number of false turbulent detections using the Thorpe analysis can be immediately 
reduced by a supplementing information on a vertical step profile or by the easy to 
compute dynamic pressure analogy method (eq. 11). 
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