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We are interested in coupled processes in rough rock geometries, which deal with 
complex geometries. They are highly non-linear and therefore computationally 
expensive.  
 
Conceptually our methods are based on the fictitious domain method and L2-
projections.

Contact problems, 
Dual mortar method

Fluid structure interaction (FSI)

Thermo-fluid-structure  
interaction (TFSI)
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σij(u) ⋅ nj = pi on Γα
N, α ∈ {m, s} Contact conditions:

([u] − g)σn(us) = 0
[u] ≤ g

σ⊤(u) = 0

σn(um ∘ Φ) = σn(us)

Linear elasticity                      :

σn ≤ 0 on ΓC

[u] := us ⋅ ns + um ⋅ nm
Jump:

σij(uα) = Cα
ijmlu

α
l,m on Ωα

(no friction)

Contact problem

(α ∈ {m, s})
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discrete mortar operator

dual mortar for ContactMortar

Dual Mortar Method for Contact
The dual mortar method allows us to solve contact problems for geometries with 
nonmatching surface meshes.

Belgacem et al. 1999, The mortar finite element method for contact problems.

Wohlmuth 2000. A mortar finite element method using dual spaces for the Lagrange multiplier.
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Transformation of Contact Problem
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Householder transformation:

Mortar transformation:
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Solve

Dickopf and Krause 2009. Efficient simulation of multi-body contact problems on complex geometries: A flexible decomposition approach 
using constrained minimization.

Instead of solving a saddle point problem, we transfer the problem using the discrete 
mortar operator    ,and then solve it with a semismooth Newton method.T
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Planta et al. 2019, Solution of contact problems between rough body surfaces with non matching meshes using a dual mortar method.

Contact Problem - Results

Replication of Hertzian contact 
stresses validates the method.

Contact simulation with rough 
rocks from Grimsel test site 
Switzerland. Replication of 

nonlinear 
loading curve 
for Grimsel 
sample.
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Solid 

Fluid 

solid 
velocities

·usforce term
λfsi

enforce ·us = vf

Ωfsi := Ωf ∩ Ωt
son

add force term to 
solid 

- Linear elasticity and linearized contact for solid

- Dynamic formulation

- Incompressible Navier Stokes equations for fluid

- Contact and transfer with L2-projections

- P1-P1 for discretization of fluid problem

- P1 for discretization of solid problem

Fluid-structure interaction (FSI)

Planta et al. 2020. Modelling of hydro-mechanical processes in heterogeneous fracture intersections using a fictitious domain method with 
variational transfer operators

To simulate FSI we use a fictitious domain method, where the solid is immersed into the 
fluid. To map quantities between the solid and the fluid we need L2-projections, as the 
two meshes are nonmatching. The system is solved iteratively.
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Comput Geosci

Fig. 7 Velocity profiles at x = 1.5 mm of the 2D parallel plate
simulation

located at the boundary of the fluid domain, forming a
channel (Fig. 5a). The solid mesh consists of 1270 nodes
with mesh width hs of 0.025 mm. The fluid mesh has 1281
nodes and a mesh width hf of 0.08 mm. As a comparison
and proxy for an analytical result, we set up an equivalent
Navier–Stokes finite element simulation. Its length is 3 mm
and in order to mimic the same solid boundary as in our
benchmark experiment, the width is 0.8 mm. We apply the
same pressure gradient and set the fluid velocity to 0 across
the lateral boundaries (Figs. 5b, 6a, b). The resulting fluid
velocities in the center of the channel (i.e., at x = 1.5 mm)
are compared between the immersed boundary approach
and the classic setup and show good agreement (Fig. 7).

3.1.2 3D tunnel flow

To test the immersed boundary approach in three dimen-
sions, we designed a benchmark problem of 3D tunnel flow.
As this is a classic setup of Poiseuille flow, we can com-
pare the results of the immersed boundary approach with the
analytical solution.

The fluid domain has a length of 3 mm and a width of
1 mm (Fig. 8b). The structured mesh has 203,401 nodes
with a mesh width hf of 0.05 mm. The solid domain has
the same length and width as the fluid domain (Fig. 8a), but
along the x-axis, we have cut out a cylinder with a diameter
of 0.4 mm. The unstructured mesh has 63,866 nodes and a
mesh width hs of around 0.02 mm.

To compare the result with the analytical solution, the
velocity profile in the x-plane in 2D is extracted and
plotted together with an analytical solution derived from
Poiseuille’s law in 3D. Figure 9a shows the alignment of the
velocity profile of the immersed boundary approach with
the analytical solution. This observation is confirmed when
we compare the 1D velocity profile at y = 0.5 mm with the
same analytical solution (Fig. 9b).

In conclusion of this benchmark section, we observe
that the benchmark problems demonstrate the ability of
the immersed boundary approach to resolve the boundary
between the solid and fluid and to simulate the fluid flow
accordingly in two and three dimensions.

3.2 Rough fracture surfaces

This section investigates fluid flow through rough rock frac-
ture geometries and the respective responses to increasing
normal load or fluid injection pressures. For this purpose,
two numerical experiments are conducted: (1) fracture clo-
sure with increasing confining stresses normal to the frac-
ture and (2) fracture opening with increasing fluid pressures
in the fracture.

We obtain the geometries for the solid domain Ω t
s

from the contact simulations in [35]. There, numerical
experiments are conducted on modeled rock fracture
geometries under increasing normal loads from 0 to 22 MPa,
using linear elasticity and linearized contact conditions
(see e.g. [20]). The contact conditions between the non-
matching surface meshes were thereby resolved using a
mortar approach with dual Lagrange multipliers [34, 35,
52]. The geometries originate from a granodiorite rock
specimen from the Grimsel Test Site located in the Swiss
Alps, which were previously used in laboratory experiments
[44, 46, 48]. The specimen is of cylindrical shape, with
a fracture normal to the cylinder axis in the center of
the specimen. Fracture topographies were obtained through
photogrammetry scans, which allowed the creation of
numerical meshes for the upper and lower halves of the
specimen in [35]. Because we want to focus on the processes
near the fracture, we do not simulate the entire cylinder.
Instead, we extract a rectangular cubical region around
the fracture (red part in Fig. 10), in order to immerse the

Fig. 8 Geometries for 3D
channel flow for the immersed
boundary approach: a solid
mesh; and b fluid mesh

Fluid-structure interaction (FSI)

We conducted benchmark 
experiments in 2D and 3D. In 
particular Poiseuille flow to validate 
the method.

Comparison of Poiseuille Flow with FSI method 
versus standard FEM solution.

2D channels: Top: Solution with FSI 
method. Bottom: Solution with standard 
Navier-Stokes FEM method.
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Fluid-structure interaction (FSI)
Intersected fracture with 
contact, setup of solid and 
fluid geometry:
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Fluid flow in closing fracture 
with evolving stresses in the 
rock.
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Fluid structure interaction (FSI)

Closing fracture with aggregated flow rates. 
Fluid flow within fracture shows increased 
channeling under increased closure.

Planta et al. 2020. Modelling of hydro-mechanical processes in heterogeneous fracture intersections using a fictitious domain method with 
variational transfer operators
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Thermo-Fluid-Structure Interaction (TFSI)

ρscs − ks∇ ⋅ Ts = ρsqs

For TFSI we introduce in addition heat in the solid and the fluid, and we alter the 
definition of the stress tensor of the solid.

ρS
··u − divσs(us) = fs

Ts qs

cs

ρs

σs
fsu

σs(u) = 2μϵ + λtr(ϵ)I − (2μ + 3λ)αI(Ts − T*s )

The stress tensor then has an additional term to account for the 
temperature:

μ, λ T*s
α

ϵ

ρf cf ( ·Tf + v∇Tf ) − kf ∇2Tf − σf : ∇v = 0In the fluid, the temperature evolves according to:
Where in general the subscript   denotes fluid quantities, and     the fluid velocity.f v

We then set the following condition on the interface between the solid and the fluid to 
allow for temperature exchange: Tf = Ts on Ωfsi := Ωf ∩ Ωt

s

ks

: temperature : heat source/sink
: density : displacement : body forces
: heat conductivity : heat capacity

: stress tensor

: Lame parameters : strain
: coefficient of linear thermal expansion

: stress free temp.

\Hassanjanikhoshkroud et al. 2020. Thermo-Fluid-Structure Interaction Based on the Fictitious Domain Method: Application to Dry Rock 
Simulations
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Thermo-Fluid-Structure Interaction (TFSI)

We applied the method to a 2D channel and simulated heat transfer at different fluid 
velocities.

The results show, that the TFSI method can replicate the transfer from a diffusive to a 
convective transfer regime.

Hassanjanikhoshkroud et al. 2020. Thermo-Fluid-Structure Interaction Based on the Fictitious Domain Method: Application to Dry Rock 
Simulations
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finite dimensional functions spaces on 

L2-Projections: how they are defined

,where(λV
i )i=1,...,nV, (λW

j )j=1,...,nW, (λM
k )k=1,...,nM

ΩV, W, M , with 
M is a multiplier space with bases

dimensions nV, nW, nM,
nW = nM .

Π : V → WThe L2-projection is defined such that 

∫
Ω

(Π(v) − v)λ dω = 0 ∀λ ∈ M

Definition:
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∫
Ω

nW

∑
i=1

wiλW
i ϕM

k dω = ∫
Ω

nV

∑
j=1

vjλV
j λM

k dω, k = 1,....,nM

w := (wi)i=1,...,nWh, v := (vj)j=1,...,nVh

Using the basis representations of

D := (dik)i,k=1,...,nWh, dik := ∫
Ω

ϕWh
i ϕMh

k dω B := (bjk)j=1,...,nVh,k=1,...,nMh, bjk := ∫
Ω

ϕVh
i ϕMh

k dω,

,we get: 

Using

w = D−1Bv := Tv

Zulian and Krause  2016. A Parallel Approach to the Variational Transfer of Discrete Fields between Arbitrarily Distributed Unstructured Finite 
Element Meshes.

 , the previous Eq. becomes:v, w := Π(v), λ

L2-Projections: how the discrete operator     is assembled using the basis 
representation of the  surrounding space:

T
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MOOSE

PETSc 
SNES

MOONoLithUser Interface
FEM discretization  
Test harness 
Thermoelasticity

Semismooth Newton for 
Contact, change of 
basis. 

L2-Projections

UTOPIA

Nonlinear  
Solvers

PETSc/ 
libMesh

PETSc/ 
libMesh

Implementation/Software
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- Can replicate nonlinear closing behaviour of fracture

- Can replicate channeling in closing fracture

- Can replicate transition from diffusive to convective heat transfer

- L2-projections were used for (1) coupling in FSI, TFSI, (2) contact problem

- Approach is adaptable and extendable

Summary

Future work

- Augment contact formulation with friction

- Augment contact formulation with stress free deformations

- Nonlinear solid 

- 3D TSFI simulations
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