ABSTRACT

Bifurcations of periodic traveling wave solutions to the nonlinear system of weakly coupled KdV-type equations are studied. Solutions close to
cnoidal and harmonic waves are considered. Lyapunov — Schmidt procedure, allowing one to reduce the origin problem to the system of bifurcation
equations, is used. The dimension reduction of the bifurcation equations system involves different techniques in both cases. These techniques are
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based on symmetry and cosymmetry properties of the origin KdV-type equations. Sufficient conditions for the solutions orbits branching in terms of

Poincare — Pontryagin functional are formulated.

1. MOTIVATION

System of two coupled KdV equations arises in describing strong interaction of internal waves in stratified fluid (Gear & Grimshaw 1983, Grimshaw
2013). It means there are two different modes with near coincided phase speeds ¢, and ¢, + a*A (Eckart 1961). Here a << 1 and A is detuning

parameter. In this situation particle vertical displacement is given by

A
A

5(2, 5,7) = a’ (A1 (1,8)p1(2) + Aa(T, 5)@2(2)) + ...,

where £ = s + A7. Atleading order in a modal functions (; 5 satisfy the following spectral problem

{PO(UO - Cp)z@z'z} +poN*¢; =0, (~h<z2<0), ¢; =0, (2=-h) (uo = ¢p)?@iz = gpi, (2 =10).

Here N? = —gpo. /po is Brunt — Vaisala frequency. Finally, the amplitude functions A; » satisfy the following system

G1 A1, + 411 AL Ars + 011 Arsss + Do11{ A1 Az} 4 21 AgAgs + 021 Aggss = 0, (1)
o Aoy + Aog Ao Agg + 020 Angss + D129 { A1 Ao} 4+ 12 A1 AL + 01941555 + G2AAgg = 0.

3. LYAPUNOV - SCHMIDT METHOD

Let & and .# be real Banach spaces and % C & be an open set. Suppose
F: % x (—e0,e0) = # is a smooth mapping with ¢ € #Z. We are
looking for a solution to the operator equation

F(w;e) = 0. (2)

(Operator formulation) For a known wy, s. t. F(wg;0) = 0 one can look
for w as a perturbation w = wq + ¥, where ¥ satisfies the equation

AY = R(¥; ¢) (3)

with R(¥;e) = A9 — F(wy + 95 ¢).

(Fredholm property) Frechet derivative A = [/ (wo; 0) is supposed to be
a Fredholm operator and dim Ker A = codimImA =n > 1.

(Projectors) One can define projectors P : & — KerAand Q : & — %
generating the following decompositions of spaces & and %

& =KerA o 2, F =ImAp¥.

Let {e; };7“:1 be a basis in Ker A. The function ¥ is sought in the form

v =) &e; + o where&q,...
—1

1

,&n € Z and o is defined imlpicitly by

o= J&_l(]l — @)R(zn: e + 0; 5) = 0. (4)

Here A : 2~ — ImA is a restriction of A onto 2. Thus, equation (2)
is equivalent to the following n-dimensional system of functional equa-
tions on the coefficients £ = (&1, ...,&,)

QR (Z iei + 0; 5) = 0, (5)
i—1

called the system of bifurcation equations.
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4. CNOIDAL-WAVE TYPE SOLUTION

In this case 0 is finite and hence omitted below. Thus, we are looking
for T'(¢)-periodic solution where 7'(c) = Ty /w(e) with w(0) = 1. Oper-
ator A : & — # defined by Aw = (v” + (3up — 1)u,v” + (3vg — 1)v) is a
Fredholm linear operator. It’s kernel is two-dimensional and spanned
by vectors e; and ey. The system of bifurcation equations is given by

To(9) To(9)
/ R1(uq,v1;...)ugds = 0, / Ro(uq,v1;...)vods =0 (8)
0 0

with U1 = €1U6 -+ 0'1(&1,52; ) and V1 = ﬁg’Ué + O'Q(fl,gg; ..
system admits a potential formulation with potential

.). The origin

T(e)

/2 U/Q

l(w;e) = / {u2 + 53 + H(u,v;s)} ds, Tyl(w;e)=1(T,w;e),
—
0 = (Vi(w;e), Xw): = —(QR(w1;w, ¢, &), Xw)g, 9)

(Makarenko 1996) where g < %, w = Wy + EWq, W1 = 5161 + 5262 —+
o(&1,&2,w,c,e), (-,-)c is an inner product in the space £,[0,7(¢)] X
£510,T(e)], V1 is a Frechet derivative of [. The infinitesimal operator
of the time translation group X = 0 plays role of cosymmetry here
(Yudovich 1991) . Due to (9) one of the equations in (8) can be expressed
via another. Thus, at leading order in € one has

1o

U(c) déf /(I)u(UQ(T), uo (7T + ¢),0) ug(7)dr = 0. (10)

0

Here WU (c) is a Poincare — Pontryagin function (Poincare 1890, Pontrya-
gin 1934). If ¢ = ¢( is a root of ¥(c), then the mapping o is defined at
e = 0. Finally, the first equation from (8) is of the form

U'(c) (&1 — &) + T(w, ¢) + ell(&1, &2;w, ¢,€) = 0. (11)

Here an explicit form of smooth functions I" and II is inessential for anal-
ysis. Thus, one can apply an implicit function theorem to express &; as
a function of all other parameters. The coefficient &5 stays free here. Fi-
nally, we get the following statement

If the phase shift c is a simple root of the function ¥(c¢), then for suffi-
ciently small ¢, system (6) has a T'(¢)-periodic solution with w(e) — 1
asc — 0
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2. STATEMENT OF THE PROBLEM

Looking for traveling wave solutions and integrating once (integration constants are neglected), one get a system of coupled autonomous second
order ODEs. We will work with the following system

' = H,(u,v;e), v = H,(u,v;¢),

H= " +v°—u’ —v)/24e®(u,v;e), e<<1 (6)
with ®(0,0;¢) = ©,(0,0;¢) = ©,(0,0;e) = 0. Such a type system appears in an appropriate choosing of coefficients in (1). When ¢ = 0 decoupled

system has a cnoidal-wave solution

r=vdo+ A2,

where § = a3 — ag, A = a2 — a; and «; are roots of polynomial —u? + u? + 2h = 0 with a given constant h. Since system (6) is invariant wrt
time translations, phase shift c is arbitrary at leading order in e. The problem is to find the value of ¢, providing 7'(¢, ¢)-periodic
solution branching when ¢ # 0. Let k > 1 be an integer. Define the space " as a Sobolev space #5°(0,Ty(d)] of real periodic functions. For
a pair w = (u,v) we denote &5 = %”57“” X %”f” and Fs = 5 x #F. The operator formulation is following. We seek the solution in the form
w(t;w,e,6,c) = wo(t;w(0,0),6,c) + cwi(t;w, e, d,c). After introducing new independent variable ( = w(e, d)t, the solution period Ty(6) = T(0,9)
becomes a fixed one. Thus, one can define w; from

up(t) = oo + den?(rt;m),  vo(t;c) = uo(t + ), m? =08/(6+ ),

Awg + eAwy = 3ws /2 + eR(wys e, w,¢), Aw;, = (uf + (Bup — L)ug, vi + (3vg — 1)v1), wi = (ug,vg),

() = d/dC. 7)

Here A : &5 — .%#s and nonlinear operator R = (Rl, RQ) components are following

3 3
Ry (u1,vi;e,6,w,¢) = ' (1—w?) (u6’+6u’1’)—ieu%—i—@u(u(ﬁ—eul, voteviie), Ro(ui,vise,d,w,c) =e H(1-w?)(v)+e vi’)—§5v%+<bv(uo+eu1, vo+evy;e).

The linear system Aw = 0 has a solution space spanned by the following vectors

q
d
€1 = (u670)7 €2 = (O,Ué), €3 = (u*,O), €4 = (O,U*), u*(C) — ué(é) / u’Qfs)’ Uy = U*(C + C)'
Co7#0

The elements e3 and e4 are non-periodic functions in a general case, but it become periodic in the case when the cnoidal-wave solution transforms to
a harmonic wave packet. Note that soliton limit was considered in (Makarenko 1996, Wright & Scheel 2007).

5. SMALL-AMPLITUDE HARMONIC WAVES

Consider the case when 6 — 0, then 7(6) — 2rand T'(¢,6) = 27 /w(e, 6)
where w? = ;1?(0) — cw, (e, §) with an analytic functions y, s. t. 4(0) = 1
and w.. The Vieta’s theorem leads to

)\—_é_|_ 1_3_52_9_54 + —l_é_|_ 1_5_2_3_54 +
o 8 128) M T 3757\ \37 8 " 128

Thus, an asymptotic formula for solution wy = (ug,vy) when ¢ = 0
takes the form ug(t;0) = 2/3 + dp(t;6), vo(t;0,¢) = up(t 4+ ¢;0) where
@ = @o + 0y satisfies the equation

which does not change under the transformation ¢ — —(. So the func-
tion 6 should also be even wrt (. Finally, the system of bifurcation
equations reduces to a one scalar equation

B —155¢/8 4+ 19s°3/32 — 17555 /512 4 ... = 0,

giving an explicit form for 7. Thus, one obtains the following asymptotic
formula

uo(C;22) = 2/3 4+ s, ©((; ) = cos( + »(cos(2()/4—3/4) + ...

Aop1r = Ro(e1;0,m,9), Appr =] +¢1, () =d/d¢,

Ro = 1ol + 5¢7) — 3(po + 601)%/2, n=0"11—pu?),

where @9 = pcos( and ¢ = p(d)t. We apply LS method again. The
null space of the linear operator A, is invariant wrt translations of a
time variable. They generate the representation of a compact Lie group
SO(2) in the space of parameters v = (ki,k2) € %°, where 1 =
11 cos ( + ko sin ¢ 4 0g. Thus, we can use the reduction theorem (Loginov
& Trenogin 1971), which gives an invariant form of the solution ¢;:

Now we consider bimodal equation (7), taking into account that wy =
2/3 + »0, where 6 = (p, ) with ¢ = o({ + ¢):

%A()(g + €A0w1 = —%2(92 — 3%8(9’(1]1 + 5]R(w1; w, &, 5, C).

Here is denoted 6% = (¢?,9?), Ow; = (pui,yvy) and Ay : & — Fo
defined by Ay = (Ao, Aop). As written above 6 satisfy the equation
Agf = (1 — p?)0"” — 35¢0% /2. Thus, using the reasoning as above, con-
cerning group theoretical reduction, one obtains the following system of
bifurcation equations for u; = g1 cos ( + ®Y, v; = g3 cos(¢ +¢) + PV with
B0, = B, ,(2/3,2/3;0) :

Y1 = Tg{"%‘COSC—FO_O(C; 0, "%‘7777(”}7 g < [0727T]

Without loss of generality one can set ¢ = 0. In addition, the operator 7y

. . . . ~wi 01 + a101 + 02Py, cosc +exi (o1, 02, wii ) = 0,
is also invariant wrt the scaling group:

L Ro(|k|cosC +00;0,m,0) = Ro(Ly{|k|cosC +oo0}; Lyo, Lan, L_59) wx02 — 019D, cOSC+ az02 + ex2(01, 02, ws;€) = 0,

. . . . . sin ¢ (qu’2v+5X3(Q17 02, Wi} 8)) =0, sinc (—Q2(I>2v+€x4(g1, 02, W 8)) = 0.
with L. 59 = €7/2¢. The invariants of this group can be taken in the

form Here one of the equations can be eliminated due to (9) and explicit form
of constants a; and functions y; is inessential for analysis. In this case
(=C, ne=0n, o0.=00FKe=20%Kl, 69=00(0+d|k|])"" the Poincare — Pontryagin function is degenerate and has the follow-

ing asymptotics:
Hance oo = (0 + 6|k|)?60((; ns, ) with 22 = o, + k.. Here ¢y should U(e: %) = 3200 sinc+ ...
satisty the factor-equation o

Even in this degenerate case, simple roots c = =7k, k =0, 1, ..

an existence of phase-locked modes here.

] . provide
60 = A" (I — Q)(B(—cos C + 36() — 3(cos C + 60)°/2), B =13 ",



