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Motivation

Develop an analytical theory for description of statistical properties of MHD
turbulence subjected to mean velocity shear and external magnetic field

Applications
expanding solar wind
astrophysical disks
parametrisations for subgrid models
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Rapid Distrortion Theory
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Governing equations

𝑈𝑖 = 𝑆𝑖𝑗 (𝑡)𝑥𝑗 𝐵 = const

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

𝜕𝑢′
𝑖

𝜕𝑥𝑖
= 0

𝜕𝑢′
𝑖

𝜕𝑡
+ 𝑆𝑗𝑘𝑥𝑘

𝜕𝑢′
𝑖

𝜕𝑥𝑗
+ 𝑆𝑖𝑗𝑢

′
𝑗 = − 𝜕𝑝′

𝜕𝑥𝑖
+𝐵𝑗

𝜕𝑏′𝑖
𝜕𝑥𝑗

+ (𝑁𝐿)𝑢

𝜕𝑏′𝑖
𝜕𝑡

+ 𝑆𝑗𝑘𝑥𝑘
𝜕𝑏′𝑖
𝜕𝑥𝑗

= 𝐵𝑗
𝜕𝑢′

𝑖

𝜕𝑥𝑗
+ 𝑆𝑖𝑗𝑏

′
𝑗 + (𝑁𝐿)𝑏

(𝑁𝐿)𝑢 =
𝜕

𝜕𝑥𝑗

(︀
𝑏′𝑖𝑏

′
𝑗 − 𝑢′

𝑖𝑢
′
𝑗 +

⟨︀
𝑢′
𝑖𝑢

′
𝑗

⟩︀
−
⟨︀
𝑏′𝑖𝑏

′
𝑗

⟩︀)︀
(𝑁𝐿)𝑏 =

𝜕

𝜕𝑥𝑗

(︀
𝑢′
𝑖𝑏

′
𝑗 − 𝑢′

𝑗𝑏
′
𝑖 +

⟨︀
𝑢′
𝑗𝑏

′
𝑖

⟩︀
−
⟨︀
𝑢′
𝑖𝑏

′
𝑗

⟩︀)︀

4 / 13



Linear shear

y

x

z
B

U1,2 = S

𝑆𝑖𝑗 = 𝑆𝛿𝑖1𝛿𝑗2

𝐵 = (0, 0, 𝐵)
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Rapid Distortion Theory
Rogallo transform
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Frame of reference moves along with the mean sheared velocity

𝑥′
𝑖 = 𝐴𝑖𝑗(𝑡)𝑥𝑗 𝑡′ = 𝑡

𝑆 =

⎛⎝0 𝑆 0
0 0 0
0 0 0

⎞⎠ 𝐴(𝑡) =

⎛⎝1 −𝑆𝑡 0
0 1 0
0 0 1

⎞⎠
Fourier transform [𝑢′, 𝑏′, 𝑝′] =

[︁
�̂�(𝑡), �̂�(𝑡), 𝑝(𝑡)

]︁
𝑒𝑖𝑘(𝑡)·𝑥

𝑑𝑘𝑖(𝑡)

𝑑𝑡
= −𝑆𝑗𝑖𝑘𝑗 𝑘𝑖(0) = 𝑘0𝑖
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Equations for the evolution of the Fourier transform of the
velocity and magnetic field

⎧⎪⎪⎨⎪⎪⎩
𝑑�̂�′𝑖
𝑑𝑡

= −𝑆𝑖𝑙�̂�
′
𝑙 +

2𝑘𝑖𝑘𝑛
𝑘2

𝑆𝑛𝑙�̂�
′
𝑙 + 𝑖𝜆𝑘𝑙𝐵𝑙�̂�

′
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𝑑�̂�′𝑖
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= 𝑆𝑖𝑙�̂�
′
𝑙 + 𝑖𝑘𝑙𝐵𝑙�̂�

′
𝑖

𝑑𝑘𝑖(𝑡)

𝑑𝑡
= −𝑆𝑗𝑖𝑘𝑗(𝑡) 𝑘𝑖(0) = 𝐾𝑖

𝑃𝑖𝑛 = 𝛿𝑖𝑛 − 𝑘𝑖𝑘𝑛
𝑘2
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Initial conditions
2D-3C turbulence

Vortical - isotropic in planes perpendicular to the axis of independence 𝑥𝛼

Φ𝑣𝑜𝑟
𝑖𝑗 =

𝐸(𝑘)

2𝜋𝑘

(︂
𝛿𝑖𝑗 −

𝑘𝑖𝑘𝑗
𝑘2

)︂
(1− 𝛿𝑖𝛼) (1− 𝛿𝑗𝛼)

Jetal - fluctuations in the direction of the axis of independence 𝑥𝛼

Φ𝑗𝑒𝑡
𝑖𝑗 =

𝐸(𝑘)

2𝜋𝑘
𝛿𝑖𝛼𝛿𝑗𝛼

where Φ𝑖𝑗 =
⟨
�̂�𝑖�̂�

*
𝑗

⟩
,
∫︁ ∞

𝑘=0
𝐸(𝑘)𝑑𝑘 =

𝑞20
2
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2D-3C турбулентность. Случай 𝑘1 = 0

Solutions for fluctuations of velocity and magnetic field

�̂�1(𝛽) = �̂�0
1 cos (𝛾𝛽 sin𝜑)− �̂�0

2

1

𝛾 sin𝜑
sin (𝛾𝛽 sin𝜑) + 𝑖�̂�01 sin (𝛾𝛽 sin𝜑)

�̂�2(𝛽) = �̂�0
2 cos (𝛾𝛽 sin𝜑) + 𝑖�̂�02 sin (𝛾𝛽 sin𝜑)

�̂�3(𝛽) = �̂�0
3 cos (𝛾𝛽 sin𝜑) + 𝑖�̂�03 sin (𝛾𝛽 sin𝜑)

�̂�1(𝛽) = �̂�01 cos (𝛾𝛽 sin𝜑) + �̂�02
1

𝛾 sin𝜑
sin (𝛾𝛽 sin𝜑) + 𝑖�̂�0

1 sin (𝛾𝛽 sin𝜑)

�̂�2(𝛽) = �̂�02 cos (𝛾𝛽 sin𝜑) + 𝑖�̂�0
2 sin (𝛾𝛽 sin𝜑)

�̂�3(𝛽) = �̂�03 cos (𝛾𝛽 sin𝜑) + 𝑖�̂�0
3 sin (𝛾𝛽 sin𝜑)

𝛽 = 𝑆𝑡 𝛾 =
𝐵

𝑆𝑙

𝑘2 = 𝑘 cos𝜑 𝑘3 = 𝑘 sin𝜑
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2D-3C turbulence. Case 𝑘1 = 0

Solutions for fluctuations of velocity and magnetic field

�̂�1(𝛽) = �̂�0
1 cos (𝛾𝛽 sin𝜑)− �̂�0

2

1

𝛾 sin𝜑
sin (𝛾𝛽 sin𝜑) + 𝑖�̂�01 sin (𝛾𝛽 sin𝜑)

�̂�2(𝛽) = �̂�0
2 cos (𝛾𝛽 sin𝜑) + 𝑖�̂�02 sin (𝛾𝛽 sin𝜑)

�̂�3(𝛽) = �̂�0
3 cos (𝛾𝛽 sin𝜑) + 𝑖�̂�03 sin (𝛾𝛽 sin𝜑)

�̂�1(𝛽) = �̂�01 cos (𝛾𝛽 sin𝜑) + �̂�02
1

𝛾 sin𝜑
sin (𝛾𝛽 sin𝜑) + 𝑖�̂�0

1 sin (𝛾𝛽 sin𝜑)

�̂�2(𝛽) = �̂�02 cos (𝛾𝛽 sin𝜑) + 𝑖�̂�0
2 sin (𝛾𝛽 sin𝜑)

�̂�3(𝛽) = �̂�03 cos (𝛾𝛽 sin𝜑) + 𝑖�̂�0
3 sin (𝛾𝛽 sin𝜑)

𝛽 = 𝑆𝑡 𝛾 =
𝐵

𝑆𝑙

𝑘2 = 𝑘 cos𝜑 𝑘3 = 𝑘 sin𝜑
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2D-3C turbulence. Case 𝑘1 = 0

Second order moments evolution

Φ11(𝛽) =
1 + 2/𝛾2 +

(︀
1− 2/𝛾2

)︀
𝐽0 (2𝛾𝛽)

6

Φ22(𝛽) =
1− 2𝐽2 (2𝛾𝛽) + 𝐽1 (2𝛾𝛽) /(𝛾𝛽)

6

Φ33(𝛽) =
1 + 𝐽1 (2𝛾𝛽) /(𝛾𝛽)

6

Φ𝐵
11(𝛽) =

1− 𝐽0 (2𝛾𝛽)

6

Φ𝐵
22(𝛽) =

1 + 2𝐽2 (2𝛾𝛽)− 𝐽1 (2𝛾𝛽) /(𝛾𝛽)

6

Φ𝐵
33(𝛽) =

1− 𝐽1 (2𝛾𝛽) /(𝛾𝛽)

6

𝛽 = 𝑆𝑡 𝛾 =
𝐵

𝑆𝑙
𝐽𝑛(𝑥) - Bessel functions of the 1st kind
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2D-3C turbulence. Case 𝑘1 = 0

Second order moments evolution
𝐵
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𝑆𝑙
= 5
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Future plans

rotating flow
magnetic shear
geostrophic turbulence on beta-plane

13 / 13


