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Abstract 
We have begun a project aimed at understanding the 
dynamics of granular materials that are present on the 
surfaces of most solid bodies of the Solar System, 
which will help to interpret spacecraft images and 
design efficient tools to interact with those surfaces. 
Here we present an implementation of the Soft-
Sphere Discrete Element Method (SSDEM) into the 
parallel N-body code pkdgrav [6]. SSDEM is a 
collisional model based around the idea of allowing 
particle surfaces to mutually penetrate [2]. The 
penetration represents the physical deformation that 
occurs when real-world bodies collide. When an 
overlap occurs, the particles in the simulation are 
subject to forces designed to mimic the response 
from real-world bodies to such compressive and 
shear stresses. Here, we describe our treatment of 
soft-sphere interactions and some preliminary tests. 
 
1. Introduction 
N-body numerical simulations have proven to be an 
invaluable tool in understanding the diversity we find 
in sizes, morphologies, and spin rates among small 
Solar System bodies. However, much work remains 
to understand the relevant mechanisms and material 
properties of these bodies. The parallel N-body code 
pkdgrav was adapted to carry out particle-particle 
collisions using a Hard-Sphere Discrete Element 
Method (HSDEM) [6] and hard-sphere particle-
“wall” collisions [7], and has been validated in 
certain granular dynamics regimes (e.g. [4]). We add 
the capability to carry out both particle-particle and 
particle-wall collisions using SSDEM as new options. 
Recently, SSDEM has been used to investigate the 
dynamics of granular material in the low-gravity 
regime [8].  Both methods have their respective 
strengths: HSDEM permits longer timesteps in the 
dilute regime and requires fewer material parameters 
while SSDEM enables more realistic treatment of 
friction, and is better suited to true parallelism. 

2. SSDEM: Numerical method 
Based upon the conditions of the overlap, contact 
forces are generated to approximate the effects of 
deformation that occur when real materials collide to 
exchange energy and momentum. These conditions 
include the present extent of the overlap, the material 
properties and relative motions of the overlapping 
objects, a contact "point," and a surface normal of 
interaction. For real bodies, both the extent of, and 
the responses to deformative stresses depend upon 
their material properties, which we in turn represent 
by a set of quantitative parameters. 

At each integration step, all instances of particle 
overlap are found in an efficient manner. If an 
overlap is found, the particle is subject to certain 
contact forces. The normal and tangential 
components of the spring-dashpot forces are: 
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where x is the amount of normal surface penetration 
(deformation), and is defined as the sum of the two 
particle radii minus the distance between their two 
centers,   
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is the unit vector denoting the direction of the 
tangential force during slipping, Cn and Ct are the 
normal and tangential damping terms, µs is the 
coefficient of static friction, un and ut represent the 
normal and tangential relative motion, at the contact 
point, kn and kt represent the normal and tangential 
components of the spring constant, and S is a vector 
that gives the tangential projection of the spring from 
the equilibrium contact point to the current contact 
point. 
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A single overlap during a typical collision will last 
for dozens of timesteps, and low-energy contacts can 
last indefinitely. During this time, the particles may 
have changed their orientation in system coordinates. 
Therefore, we adjust the direction of the vector S at 
the beginning of each step to account for any rotation 
of the tangential spring. We also add additional 
forces between particles in contact to account for the 
transfer of angular momentum in the (   
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direction (“rolling” friction), and along the contact 
normal (“twisting” friction). 

3. Some Initial Tests 

 
Figure 1: Snapshots of a cylindrical hopper taken at 
the same time, but from different perspectives (left); 
particle tumbler (right). 

In order to help validate its use as a granular physics 
code, we attempt to simulate two sets of laboratory 
experiments using SSDEM and present results. Other 
simulations, which relate more to the processes 
generalizable to the solid bodies in the Solar System 
will be discussed by [3] and [9]. 

The dynamics of flow from cylindrical hoppers has 
been a matter of practical interest over the last couple 
centuries in large part due to the importance of grain 
silos. Therefore, we now have a plethora of 
experimental data for this class of systems. From 
these data, a series of empirical relations have been 
formulated between mutual parameters involved in 
assessing the discharge flow-rate [5]. We will 
compare these against the results from our 
simulations (Fig. 1, left). 

A series of laboratory experiments to measure the 
dynamic angle of repose of glass beads in a rotating 
drum (tumbler) at various effective gravitational 
accelerations has been performed [1]. The right panel 
of Fig. 1 shows a snapshot of a simulation 
reproducing one of these experiments. The results of 
a detailed investigation will be presented. 
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