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Abstract

In the context of radio occultation experiments, we
discuss the benefits of a new formalism based on a full
reformulation of the fundamental equations of geo-
metrical optics. We use this formalism in order to ana-
lytically derive observable effects induced by the pres-
ence of winds in an oblate axisymmetric atmosphere.
We assess the accuracy of the so-obtained solution by
comparing it with outputs of a numerical integration of
the fundamental equations of geometrical optics. Fi-
nally, we discuss applications of the formalism to real
atmospheric radio occultations data processing, in the
context of the Cassini and the JUICE space missions.

1. Introduction

Numerical ray-tracing (numerical integration of the
fundamental equations of geometrical optics) has
proven to be a powerful tool for processing data of ra-
dio occultations by oblate axisymmetric atmospheres
with zonal winds [1]. If this technique is nowadays
the most generic and the most accurate, it presents two
disadvantages. Firstly, it does not provide a compre-
hensive description of how the atmosphere oblateness
nor the zonal winds influence the light path and the
light time. Secondly, because the initial pointing of
the S/C’s antenna has to be determined iteratively, the
computation time is usually important.

To overpass these two difficulties, a purely analyti-
cal approach (analytical ray-tracing) has been recently
proposed [2]. This method is based on a full reformu-
lation of the fundamental equations of geometrical op-
tics into a set of osculating equations which are similar
to perturbation equations of celestial mechanics. This
set of equations describes how the constants of inte-
gration of a reference solution, called the “hyperbolic
solution”, change according to variations in the refrac-
tivity profile of the atmosphere.

2. General assumptions
Assuming that the atmosphere is in hydrostatic equi-
librium, it can be shown [3] that the density of the re-
fractive medium is function of a generalized potential,
Φ. In addition, in the context of elementary theory of
dispersion [4], it is shown that surfaces constant value
of the index of refraction fits surfaces of constant den-
sity value. Therefore, as it is done in [1, 2], we can
assume that the expression of the index of refraction
satisfies n = n(Φ). Finally, in order to not restrict
ourselves to any particular function, an infinite series
is considered, such that

n(Φ) = η +
+∞∑
k=1

(−1)k

k!
α(k)Φk, (1)

where the generalized potential is given by

Φ = U0 +
∑
l≥2

Ul − ΦC + Utide(t). (2)

η is the value of the index of refraction at infinity,
α(k) ≡ −dkn/dΦk, U0 is the Newtonian gravitational
potential, Ul is the non-spheric contribution to the
gravitational potential, ΦC is the centrifugal contribu-
tion, and Utide(t) is the tidal contribution.

3. Analytical ray-tracing
The reference solution is found for a very peculiar re-
fractivity profile. Assuming first, that Φ = U0 (the
index of refraction becomes spherically symmetric),
then, that dn/dΦ = const, we demonstrated [2] that
the fundamental equation of geometrical optics pos-
sesses exact solutions for the light path (the shape of
the trajectory is an hyperbola), the light time or the re-
fractive bending. For instance, the light path describes
an hyperbola and the expression of the hyperbolic in-
dex of refraction is given by

n0 = η − α(1)U0, (3)
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with the convention U0 < 0. The solutions are ex-
pressed in term of several arbitrary constants of inte-
gration characterizing the shape of the hyperbola, its
spatial orientation, and a traveled length or a light time
along the trajectory. By varying the constant of in-
tegration, we have been able to reformulate the fun-
damental equation of optics into a set of osculating
equations describing the constants changes following
any variation in the dependency of the refractive pro-
file [2].

Using mathematical method of perturbation theory,
we found approximate solutions for each contributions
in Eqs. (1) and (2). We assessed the accuracy of
the solutions by comparing the results with outputs
of a numerical ray-tracing. For strong refractivity
(n − η = 10−4) and for typical values of Jupiter
or Saturn’s oblateness (J2 = 10−2), the analytical
expression for the total light time (hyperbolic plus
non-hyperbolic contributions) is accurate at the level
of one part in 108.

4. Summary and Conclusions
The establishment of the osculating equations for the
ray propagation has two main advantages. Firstly, it
provides a simple geometrical picture for interpreting
the path of the light ray. Secondly, it allows to solve
analytically and systematically the equation of geo-
metrical optics for non-radial dependencies.

In the context of real data processing, such an an-
alytic solution could be either an ally or even a sub-
stitute to the purely numerical ray-tracing. Indeed,
numerical ray-tracing demands an iterative solving of
the pointing problem, which requires a large amount
of computation time. The analytical ray-tracing could
provide directly an accurate pointing direction, such
that one or two iterations only would be sufficient.

At the same time, considering that the analytical
ray-tracing is able to solve the path of the light ray or
the light time, for any kind of refractivity dependen-
cies and with high accuracy, we can think of a purely
analytical procedure to process radio atmospheric oc-
cultations data. Such procedure will be compared with
outputs of a purely numerical method in the context
of Jupiter or Saturn’s oblate axisymmetric atmosphere
considering zonal winds.
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