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Abstract
We describe various high order resonances between a
rotating body and an orbiting particle. The approach
encapsulates in a single framework both retrograde
and prograde resonances, as well as resonances that
occur inside or outside the corotation radius.

We present a simple way to calculate the strengths
of those resonances, using and adapting the coeffi-
cients that appear in the classical expansion of the dis-
turbing potential caused by a point-like satellite.

Possible effects on rings like those of Chariklo and
Haumea are discussed.

1. Introduction
Dense and narrow rings have been discovered in 2013
around the small Centaur object Chariklo [1], and
around the dwarf planet Haumea in 2017 [2]. They
are the first rings ever observed elsewhere than around
giant planets.

Due to their irregular shape, small bodies create
strong resonances that should have a significant effect
on surrounding rings [3]. Contrarily to the cases of
the giant planets, high order resonances must be ac-
counted for around small bodies. Here we present a
simple way to calculate the strength of high order res-
onances using the coefficients of the disturbing poten-
tial caused by a satellite, as provided in [4].

2. Resonances taxonomy
Resonances take the form jκ = m(n − ω), where κ
and n are the epicyclic frequency and the mean motion
of the particle, respectively, Ω is the rotation rate of the
body, and j and m are integers (with the convention
j > 0, while m may be positive or negative). Because
in general κ ∼ n, they correspond to

n

Ω
∼ m

m− j , (1)

and are loosely referred to as a m:m− j resonances.

The resonances can be prograde (n/Ω > 0) or ret-
rograde (n/Ω < 0). The order of the resonance is j,
the case j = 1 corresponding to the classical Lind-
blad resonances. The case m < 0 corresponds to
prograde outer resonances (i.e. occurring outside the
corotation radius), while the case 0 < j < m corre-
sponds to prograde inner resonances. The case m = j
corresponds to apsidal resonances. Finally, the case
m < j < 2m corresponds to retrograde inner reso-
nances and the case 2m < j corresponds to retrograde
outer resonances.

As shown in [3], a m:m − j resonant periodic or-
bit crosses itself |m|(j − 1) times (if m and j have
been reduced to their relatively prime version). This
shows that only Lindblad resonant orbits do not cross
themselves, so that the corresponding streamline are
well-behaved in terms of hydrodynamical evolution.
Two resonances cause streamlines with only one self-
crossing point, one with m = −1, j = 2 (the outer
1/3 resonance), and one with m = +1, j = 2 (the
retrograde corotation resonance). Note that both reso-
nances have the same dynamical structure.

3. Resonances strength
Considering a potential of the generic form

U(r) =
+∞∑

m=−∞
Um(r) cos(mθ), (2)

the perturbing potential associated with am:m−j res-
onance has the form

Um,j = ejŪm,j(a/R) cos(ϕm,j), (3)

where ϕm,j = mλ′ − (m − j)λ − j$ is the reso-
nant angle, λ′ is the orientation angle of the body and
R its characteristic size, and a, e, λ and $ are the
semi-major axis, orbital eccentricity, mean longitude
and pericenter of the particle, respectively.

The factor Ūm,j(α) (with α = a/R) measures the
strength of the m:m− j resonance. It is easily derived
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from Um through

Ūm,j = 2Fn[Um], (4)

where Fn are the operators that appear in the expan-
sion of the Disturbing Function (see [4]).

Table 1: Resonance strengths.

Order j Resonant potential
1 2eF27[Um] cos[λ′ − (m− 1)λ−$]
2 2e2F45[Um] cos[λ′ − (m− 2)λ− 2$]
3 2e3F82[Um] cos[λ′ − (m− 3)λ− 3$]
4 2e4F90[Um] cos[λ′ − (m− 4)λ− 4$]

From [4], we get F27 = −1/2[2m + αd/dα], and
more voluminous expressions of the same kind for the
operators F45, F82 and F90.

In the case of the potential created by a homo-
geneous triaxial ellipsoid ([3]), the derivative opera-
tor d/dα is replaced by an algebraic multiplication,
which greatly simplifies the calculation of the reso-
nance strengths.

4. Phase portraits
Representative phase portraits corresponding to j = 1
(Lindblad resonances), j = 2 and j = 4 are sketched
in Fig. 1.

Figure 1: From left to right, phase portraits of
first, second and fourth order resonances. Each
line is a trajectory of the eccentricity vector
[e cos(ϕm,j/j), e sin(ϕm,j/j)].

The topology of each portrait provides hints about
the response of a ring to a resonance. Lindblad res-
onances (left panel) have a fixed point that is shifted
with respect to the origin. This causes a torque be-
tween the body and a collisional disk and forces it to
migrate. In the case of a 2nd-order resonance (mid-
dle panel), the origin is an unstable hyperbolic point,
which forces the particles to acquire large orbital ec-
centricities. Thus 2nd-order resonances are also ex-
pected to have a significant effect on the disk. In the

case of a 4th-order resonance (right panel), the ori-
gin is always a stable equilibrium point. As collisions
damp the orbital eccentricities of the particles, these
resonances are expected to have little effects on a ring.

5. Summary and Conclusions
Although the expansion of the classical disturbing po-
tential seems restricted to a point-like satellite, it is in
fact rather generic. It can be used in particular to de-
scribed resonances around an irregular rotating body.

We note that high order resonances cause self-
crossing streamlines. In that context, simulations us-
ing collisional codes will help in the future to under-
stand better how those resonances may sculpt a ring
around an irregular body.
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