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Abstract
Rotational dynamics is broadly used as a way to obtain
some insight into the interior of solar system celestial
bodies (e.g., see [4]). This is due to the fact that, to
some extent, the rotational motion is affected by the
internal characteristics of the body like its stratifica-
tion, rheological properties, etc.

Running a parallel way, some interior models of the
celestial bodies also lead to the existence of another
different rigid motion related with the translations of
the body constituents with respect to its barycenter. It
is the case, for example, of differentiated bodies con-
taining a fluid layer enclosed between two solid layers.

These kind of motions, like the rotational ones,
might provide some constrains on the physical proper-
ties of the body, hence the interest in their study. This
question has been recently addressed in [1] within the
context of icy bodies. In that work it was established
a mathematical framework, based on Lagrangian me-
chanics methods, that allowed the analytical modeling
of the internal translational motions of a simple body
differentiated into three homogeneous layers: an ex-
ternal ice–I layer, a subsurface ammonia–water ocean,
and a rocky inner core.

It was shown that the nature of the motion is os-
cillatory, with a single frequency, analogous to the
Earth Slichter mode, that depends on the densities and
masses of the layers. Although this three–layer in-
ternal structure represents a good approximation for
some possible models of the interior of medium–sized
icy bodies containing a subsurface ocean (e.g., see
[2]), it is not the case when considering other mod-
els of larger icy bodies like Ganymede or Titan, since
for them the subsurface ocean is not in contact with
the rocky inner core but with a high–pressure ice layer
(e.g., see [3], [5] or [6]).

Bearing in mind these considerations, we aim at
modeling the internal translational motions of a body
composed of an ice crust, a subsurface ocean, and an
inner core differentiated in two homogeneous layers.
To this end, and following the same guidelines as in
[1], we construct the Lagrangian function of the model

by computing its kinetic and potential energies. Under
the assumption that the motion of the fluid is character-
ized by a velocity potential, and exploiting the symme-
tries of the system, we derive the equations of motion.
It turns out that its dynamics is analogous to that of a
three–layer model, that is to say, an oscillatory motion,
but with a different frequency.

After performing some algebraic transformations,
we prove that the expression of the frequency is the
same as that of an equivalent three–layer model with
an homogeneous inner core having the same mass and
volume as the differentiated one. As an exemplifica-
tion of the theory, we apply these results to some mod-
els of large icy bodies. For example, for a representa-
tive model of Titan developed in [6] we obtain a period
of about seven hours and a half. In addition, our ana-
lytical expression helps to understand how the model
influences the value of the period of the translational
oscillation.
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