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Abstract

The number of confirmed extrasolar planets has al-
ready exceeded 3000, providing us with a wide sta-
tistical set for the study of their orbital dynamics. In
contrast to gas giants, majority of low-mass, possibly
terrestrial exoplanets orbits its host star on a circular
or only slightly eccentric orbit, which may be a con-
sequence of past or still ongoing tidal evolution. Tidal
response has been traditionally described using mod-
els based on the assumption of either a constant phase
lag or a constant time lag [1, 2], implying however
simplified rheology. As these models are not gener-
ally applicable to terrestrial moons and planets with
realistic properties, recent authors have proposed rhe-
ologically motivated analytical [3, 4, 5] or N-body nu-
merical [6] treatment of tides.

Here, we present a numerical model of tidally
driven orbital evolution based on the solution of con-
tinuum mechanics equations for a differentiated spher-
ical body, whose mantle is governed by either the
Maxwell or the Andrade viscoelastic rheology. The
model enables generally heterogeneous structure of
the mantle, making thus possible the assessment of
coupling between the internal and the orbital evolu-
tion.

1. Model and Methods
Both the long-term orbital evolution and the concur-
rent despinning or spinning up of the planet is studied
using the Gauss’s planetary equations complemented
with the evolution equation for the rotation rate de-
rived from the conservation of the total angular mo-
mentum.
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Here, a, e,Ω are the semi-major axis, the orbital ec-
centricity and the spin rate of the planet, respectively,
n is the mean motion, r and ν indicate the instanta-
neous star-planet distance and the true anomaly, p =
a(1− e2) stands for the semilatus rectum of the orbit,
C is the moment of inertia of the planet, G the gravita-
tional constant, M∗ and m the masses of the star and
the planet and R,S are the radial and the perpendicu-
lar component of the disturbing force.

The disturbance in the system is caused by tidal
deformation of the planet. In order to estimate the
boundary deflections, we utilize an extension of the
tool and method described in [7, 8], which is based
on the numerical solution of governing equations for a
viscoelastic continuum,

∇ · u = 0 , (4)

−∇π +∇ ·D + f = 0 , (5)

complemented with the constitutive relation for either
the Maxwell or the Andrade rheology. In the equations
above, u stands for the displacement vector, π and D
are the isotropic and the deviatoric part of the incre-
mental stress tensor and f is the force acting on the
planet – in our case a combination of the tidal force,
the centrifugal force and the self-gravity. The govern-
ing equations are solved in the time domain and dis-
cretized using a staggered finite difference scheme in
the radial direction and a spherical harmonic decom-
position in the lateral directions.
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Figure 1: The tidal torque (gray) and the tidal heating (blue) as a function of the loading frequency and the mantle
viscosity for a close-in Earth-size terrestrial exoplanet.

2. Results
Our model planet consists of a solid inner core, a liquid
outer core and a deformable viscoelastic mantle, with
possibly heterogeneous viscosity structure. We study
the effect of the internal structure on the long-term or-
bital and rotational evolution, and compare our results
with analytical tidal model of homogeneous viscoelas-
tic planet. Furthermore, we compute the rate of the en-
ergy dissipation during the orbital evolution and eval-
uate its effects on the mantle’s viscosity.

Figure 1 shows the spin-orbit ratio dependence of
the tidal torque and the tidal heating in the case of ei-
ther homogeneous or heterogeneous structure of the
mantle, prescribed as a viscosity difference between
the southern and the northern hemisphere. We may
see that the energy dissipation inside of a planet with
the north-south viscosity structure acquires values dif-
ferent from the results in the case of the homogeneous
mantle with average viscosity (lower row). The num-
ber and the position of zero points of the tidal torque
varies as well, affecting the stability of the correspond-
ing spin states.

3. Summary and Conclusions
Numerical computation of tidal evolution may be of
great importance when dealing with complex rheolo-
gies, planets with non-trivial internal structure or non-
spherical shape, and with analytically challenging phe-
nomena. Here, we have presented a method for the
evalution of tides on generally heterogeneous bodies,

enabling for example the analysis of coupling between
the orbital and the internal evolution of differentiated
terrestrial exoplanets and icy moons.
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Porco, C., Nimmo, F. (2015) Nat. Geosci. 8, pp. 601–604.


